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Abstract

In this paper the Adomian Decomposition Method (ADM) is employed in order to solve linear and nonlinear
functional equations and the results are then compared with those produced by Homotopy Perturbation Method
(HPM) through a system of Lotka Voltera type of PDEs. The result produced by HPM are promising and
ADM appears as a special case of HPM for Lotka Voltera type of PDEs.
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1 Introduction

The Lotka Voltera equations are a pair of first order non linear differential equations these are also known as
the predator prey equations. The Lotka Voltera type problems were originally introduced by Lotka in 1920
(Lotka, 1920) as a model for undumped oscillating chemical reactions and after that these were applied by
Voltera (Voltera, 1926) to predator prey interactions, consist of a pair of first order autonomous ordinary
differential equations. Since that time the Lotka Voltera model has been applied to problems in chemical
kinetics, population biology, epidemiology and neural networks. These equations also model the dynamic
behavior of an arbitrary number of competitors.

Finding the solution of Lotka Voltera equations may become a difficult task either if the equations are
fractionalized, namely they become a non-local one. Recently some new methods such as Tanh function
method (Fan, 2000; Wazwaz, 2005) extended Jacobi elliptic function expansion method (Fu et al., 2001) and
the simplest equation method (Kudryashov, 2005) have been used in literature to find exact solutions for both
partial differential equation and system of partial differential equations. However, it is difficult to obtain closed
form solutions for nonlinear problems. In most cases, only approximated solutions either analytical ones or
numerical ones are founded. For analytical solutions of non linear problems Perturbation method is one of the
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well-known methods. Perturbation method is based on the existence of small or large parameters, so-called
perturbation quantities (Hinch, 1991; Fernandez-Villaverde, 2011; Nayfeh, 1993).

2 Application Problem
Consider the following system of non linear Lotka-Voltera Type of PDEs (Cherniha and King, 2005),

W, =(ww, ) +w(a+ew)+p+ga,

1)
@, =(oa,) +@(b+ fa)+q+kw, @

with initial approximations as,
w(x,0)=¥(x), @ (x0)=w(x). )

where a,b,e, f,g,k, p,q are arbitrary constants such that, ef =0, gk =0.

3 Solutions
3.1 General solution of the problem
In the given problem the system of equations are coupled equations and quadratic non linearity terms are also
contained in it.
An exact periodic solution of this system was presented in (Alabdullatif et al., 2007) as,

w:Lﬁo(t)i(Ho(t)+zngcos(\/gxi|g|t—ﬂ0D, @
w:[eo(t)+4Tgi%(90(t)+2%jcos(\/§xi|g|t—ﬂon, ©)

i—69,&1:39
s—t

where,

00 (t) =

3g-a ’ 6)

39 —a|tanh£T(s—t)J—a—3g,a;th

Here e, f,g,k, p,q, B,, s are arbitrary constants such that,

_ 2
c=e="f>0, b:a—6g,k:—cg,pzw

49
.q=p+—(3g-a).
c
3.2 Analysis of the problem by using the Adomian Decomposition Method
The Adomian decomposition method (Adomian, 1994; Bildik and Bayramoglu, 2005) defines a linear operator
of the form,
~ 0
3, =—.
ot
Then system (1) can be written as,

Jw=(Ww,), +W@a-+ew)+ p+ga, @)
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3o =(om,), +ob+ fo)+q+kw,

©)
Applying the inverse operator to equations (7) and (8) we will have that,
W(X,t) =P(x)+ 3t [aw+ga+ p+F(w)], )
@(X,t) =y(X)+ 3t ' [b+kw+q+G(a)], (10)

where the non linear terms are, F(W)=(Ww,), +ew’,G(@) = (ww, ), + f &°.

According to the decomposition method (Bildik and Bayramoglu, 2005) it is assumed that the unknown

w(x,t), @(x,t)are represented as, W(X,t)= iwn xt)  a@kxt)= iwn (xt). F(w),G(w)

n=0

functions

are the non linear and these non linear terms can be splited into an infinite series of polynomials

as, F(X,t):z‘A1 G(X,t):Z:Bn Here the components  W(X,t),@ (X,t) can be founded by use of
n=0 ! n=0 ’

recursive relationsand A 's,B ‘s are the Adomian polynomials of W, 'S,@,'S respectively. W, ,@,

For n>0 are represented by the following recursive relations.

W, =W(x,0)=¥(x),

(11)
w, = ZU'(X, 0) = V/(X)’ (12)
The other components are as follow,
W, =3t [aw, + g, + p+ Al (13)
@, = 3t "'[ba, +kw, +q+B,], (14)

The result can be generalized for n-terms as,

W

n+1

=3t [aw, +ga, + p+A],n>0,
@,., =3t o, +kw +q+B,],n>0,
By using the recursive relations for w(x,t),@ (X,t) will be determined as,

w(x,t) =limg, (x,t),a(x,t) =limg, (x.t),

AL =3 WD, 406D =3 a1 (x.),
Case #1

Considera = 3¢, Go(t):%(it—ng,b:a—Gg, p=q=0,e=f =c,g=1k=-1The obtained solutions
S_
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are as follows

1(2 1(2 2
WOZE(E_GHE(E—GJ Hf ""J 9)
1(2 1(2 2
wozg(g%}{g(g%j stm(\f /60) (16)
ct(g—69j+(g(g—6jgcosz(\/EX—ﬂoJ—i(l(ZSg+5(2—659)))
S slc 2 cs 2
cos[\/gx—ﬂoJ(C(Z—GSQ)H(ZSg+C(259)COS(\/7X ﬁoJ)) C_t(g“L

(%—6)g)zsin2(\f2x ﬂoJ+t9(——6g+ += ((—+(——6)g|g|
sin[\Ex—ﬂoJ))—t(g—Gg+(g+(E—G)Q)COS(Fx—ﬂOJ)aHp)
2 S s ¢ 2

%(%(C(gﬂg—ﬁ)g)z|g|+0052(\ﬁx—ﬂo])—29(2—69+(E+(E—6)g)
g s ¢ 2 S s ¢

cos[\/7x ,BOJ+20(——69—4—9+ ((—+(——6)9)|9|5'n(\/§x—ﬂo}))2

_@((ng —c(2-6s9))g +|g|sin(\gx—ﬂoJ(g(4sg —c(2-6s9)) +2sg |.

(17)

9
Il

+c(2—6sg))|g|sin(\Ex—ﬂoj))+2(§—6 _4_9_l((_+(__6)g)|g|

sin(\/gx—ﬂoj))b+2q) (18)

Case #2

Fora = 3, Ho(t):{|3g—a|tanh£| 9- |(s t)J a—Bg},a=3,p=1,g=1.2,c:3,k:—1.2.,

the following results are obtained,

{3
=£—0.6975+0.1024C05(3— EX]], (19)
=10.9024-0.1024sin 3—,/§x
- ' ' 2 ! (20)
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{ (1.4500—0.0142003(—1.22x+3)+0.0157 cos? (—1.22x+3)n

W =

' —0.1229sin(-1.22x +3)+0.0157sin* (-1.22x +3)
_[ 1.4500-0.1229 cos(—1.22x+3)+0.0157 cos” (-1.22x + 3)

771 7| 40.1423sin (~1.22x + 3) + 0.0157sin? (~1.22x + 3) '

(21)

(22)

Now in the next subsection, the analysis of this problem is presented by using Homotopy Perturbation Method

(He, 1999; He, 2000).
3.3 Analysis of the problem by using the Homotopy Perturbation Method

Constructed Homotopy for the given system of equations (1) and (2) respectively will be as follows,

W, — Yo + hl Yo — (WW, ), —aw—ew? — p—ga] =0,

@, — 2, + N2, — (@@,), —bo — fo* —q—kw] =0,
The initial approximations are choosed as,

W, (X,t) =y, (x,t) =w(x,0) =¥ (x),

@, (X,1)=2,(xt)=a(x,0)=y(x).

Let us assume the solution for the above system of equations respectively as follow,

w(x,t:h)=w,+hw, +h*w,...,

w(X,t; h) =@, +ho, + hzwz...,

(23)

(24)

(25)

(26)

(27)

(28)

Putting equations (27) and (28) in equations (23) and (24) and comparing the same powers ofh,

h® W, — Yo =0, W, (X, 1) =w(x,0) =¥ (x),
h® @y, — 2y, =0,a, (X,t) =@ (X,0) =y(X),
h" T Wy + Yoo = WoWg + W, ” — AW, —eW,” — p— ga@,” =0,w, (x,0) =0,
h' 1@y + 2o — @@, + @, —bw, —em,” —q—kw, =0,,(x,0)=0,

2.
h® W, +2W, W, +WoW, + W W, —aw, — 2ew,W, — 2a,@, =0.

XX
2. —

h* o, + 20, o, +o,0,, +o,0,, —ao, —2es,0, —2W,W, =0.

Case#1

Now consider the first case i.e. a=23g.
2 29

a0 = ———|

»(0) ( Cj

And by taking a=3,p=19=12c=3k=-1.2., we find the following relations,

IAEES

(29)

(30)

(31)

(32)

(33)

(34)

(35)
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wo(x,t)=w(x,0)=(£—%){%)CO{\EX—%J:‘P(X)- (36)

-1
) 2+2cos(2@x+ B)

s ¢ 3 cs (1 ?
sin ——\/EX+B t
= l) COS(—E\/ZX-F BJt—g 2 +
3 s 2 9 cs?
cos| - 2 \/2cx+ B cos| £ 2cx+B 2
2 2 2 2 2 2 2 2
W =la| ———+— t+e| ———+— t+pt+
3cs ¢ 3 cS 3cs ¢ 3 cS
1 2
sin| —=+/2cx+B
o2 2.2 o) t
3cs ¢ 3 cS
sin llx/Ex+B
2 2+2 2
PN A 2
s ¢ 3 e coSs —EEX+B t
- lj Sin(—lJ?CX+ B)t—g 2 +
3 s 2 9 cs?
sin —E@X+B sin —1\/2_cx+B 2
2 2 2 2 2 2 2 2
o =|a ———+— t+e| ———+—- t+pt+
3cs ¢ 3 cs 3cs ¢ 3 cS
1 2
. i_g_gcos(—Z\/EXWLBj t
3cs ¢ 3 cs '

Simplification and comparison shows that these are the same components as were calculated by using
Adomian Decomposition Method.
Now from equation (33) and (34) we have that,
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2
cost—%ﬁl x.f'?.r-l-B] -, , > Sm[‘%vz \,r'?.r—I-B]

O |
i

~ |t
e

a
L)
T
]

2
C5

Case#2
Now consider the second case i.e. a#3(g,and by taking, a=3,p=19=12,c=3,k=-1.2,s=4.,

then for this case we find that, &,(0) =—0.6966.

Using these values the following results are calculated,

W, (X,t) =w(x,0)= £—0.6966 + (0.1022)cos[\/§x —3}},

(38)
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@y (x,t) =@ (x,0) = [0.9020—(0.1022)sinL\/gx—3n.

—(0.1536000000(0.9024000000 + 0.1024000000sin(—3+1.224744871x)))

sin(—3+1.224744871x)t —0.1572864000e — cos(—3+1.224744871x)°t +
3.707200000t + 0.3072000000sin(—3+1.224744871x)t + 3(0.9024000000

+0.1024000000sin(3 +1.224744871x))?t —1.200000000(~0.6975000000
+0.1024000000c08(—3 +1.224744871x))>t.

(39)

=
[l

—(0.1536000000(—0.6975000000 + 0.1024000000c0s(~3 +1.224744871x)))
CoS(~3 +1.224744871x)t — 0.1572864000¢ — Sin(-3. +1.224744871x)%t —

@, =| 1.092500000t + 0.3072000000c0s(-3. +1.224744871x)t + 3(~0.6975000000
+0.1024000000c0s(~3 +1.224744871x))?t +1.2200000000(0.9024000000 +
0.1024000000sin(~3+1.224744871x))t.

Simplification and comparison shows that these are the same components as were calculated by using
Adomian Decomposition Method.
Now from equation (33) and (34) we have that,
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w,(x, 1) =-0.4608000000 (0.9024000000 + 0.1024000000 sin( -3. + 1.224744871 x) ) sin( - 3.
+ 1.224744871 x) %-70.04?18592000 cos( -3. +1.224744871 .1r}2 f+ 11.12160000 ¢

-

+0.9216000000 sin( -3. + 1.224744871 x) +9. (0.9024000000 + 0.1024000000 s ( -3.

¢ L
2
v

(3]

+1.224744871 x) )* -3.600000000 (-0.6975000000 + 0.1024000000 cos( -3.

[

+1.224744871 x) )°

B[~ o~

+6 (—0.6975 +0.1024 cos(—B + % \/FTD [

-0.1536000000 (0.9024000000 + 0.1024000000 sin( -3. + 1.224744871 x)) sin( -3.

+1.224744871 x) % ~0.01572864000 cos( -3. + 1224744871 x)* %_ +3.707200000 ¢

+0.3072000000 sin( -3. + 1.224744871 x) +3.(0.9024000000 + 0.1024000000 s ( -3.

B2 |~

+1.224744871 x) )2 -1.200000000 ( -0.6975000000 + 0.1024000000 cos( - 3.

- ro|"-,d
s

2

+1.224744871 x) )™ — } +2 (0.9024 +0.1024 sin( -3+ % \/F‘()] (—0.1536000000 (

2

-0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x)) cos( -3. + 1.224744871 x) ¢
—0.01572864000 sin( -3. + 1.224744871 x)* %_ —1.092500000 %_ +0.3072000000 cos( -3.

pl

+1.224744871 x) %- +4.200000000 ( -0.6975000000 + 0.1024000000 cos( -3.

+1.224744871 x) )* % } +0.1024000000 sm[—_% + % \/?x] [0.01926357117 cos( -3.
+1.224744871 x) sin(-3. + 1.224744871 x) % +0.5643624366 (0.9024000000
+0.1024000000 sin( -3. + 1.224744871 x)) cos( -3. + 1.224744871 x) 1 + 0.3762416244 cos(
-3, 4+ 1.224744871 x) £ + 0.3009932995 ( -0.6975000000 + 0.1024000000 cos( -3.

+1.224744871 x) ) rsin(-3. + 1.224744871 x)) \/? — [—0.6975 +0.1024 cos[—3

+ % ﬁv]] [0.06134169597 sin(-3. + 1224744871 x)* — 4 0.09437183996 cos( 3.

b |~

5

+1.224744871 x) -0.6911999996 (0.9024000000 + 0.1024000000 sin( -3.

5

-—0.4607999997 sin( -3. +1.224744871 x)

L;
2

+1.224744871 x) ) sin( -3. + 1.224744871 x)

l\.)|--‘
ro |~

+0.3686399998 (-0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x) ) cos( -3.

+ 1.224744871 x) %-J + 0.1536000000 [ -0.1536000000 (0.9024000000 + 0.1024000000 sin (
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3.4 1.224744871 x) ) sin( -3. + 1.224744871 x) %-—0.015?2864000 cos( -3.
+1.224744871 x)* é +3.707200000 % +0.3072000000 sin( -3. + 1.224744871 ) %

+ 3. (0.9024000000 + 0.1024000000 sin( -3. + 1.224744871 x) )2 -—'1.200000000 (

l\.)|'-;

~0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x))* % J cos( -3+ % \/FxJ
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w_(x, f) =-0.1024000000 cos( -3+ % \/F\'] (—0.0192635?11? sin( -3. + 1.224744871 x) cos( -3.

+1.224744871 x) —0.8653557358 (-0.6975000000 + 0.1024000000 cos( -3.

pl

-0.3762416244 sin( -

\/F (090?4+01024sm(—3+%\/ij] [

1224744871 x)° ¢ *
2

b |~

+1.224744871 x) ) sin( -3. +1.224744871 x)

l\J|--‘

+1.224744871 x)

I\J|-;
u.\ \-_/ —_

()

Ccos

—_—

-0.02359295999 +0.1321205759 sin( -3. + 1.224744871 )~

b |~

-1.059839999 ( -0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x) ) cos( - 3.

+ 1.224744871 x) -0.4607999997 cos( -3. +1.224744871 x) ] + 0.1536000000 [

|~
b |~

-0.1536000000 ( -0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x) ) cos( -

+1.224744871 x) é 1 —0.01572864000 sin( -3. + 1.224744871 .“(‘)2 -1.092500000 7

0 |~

+0.3072000000 cos( -3. + 1.224744871 x) % +4.200000000 ( -0.6975000000

+0.1024000000 cos( -3. + 1.224744871 x) )’ é) s,iu(—_% + 1 \/Fx] — 0.4608000000 (
~0.6975000000 + 0.1024000000 cos( -3. + 1224744871 x)) cos(-3. + 1.224744871 x)

-0.04718592000 sin(-3. +1.224744871 .\f}2 % -3.277500000 ¢ + 0.9216000000 cos( -3.

r
2

+1.224744871 x) + 12.60000000 ( -0.6975000000 + 0.1024000000 cos( -3.

+1.224744871 x) )2 +6 (0.9024 +0.1024 Sin[ -3+ % J6 x] J (0.L536000000 (

-0.6975000000 + 0.1024000000 cos( -3. + 1.224744871 x)) cos( -3. + 1.224744871 x) %

2

~0.01572864000 sin( -3. + 1.224744871 x)° %‘7 1.092500000 7 + 0.3072000000 cos( - 3.
+ 1.224744871 x) 1+ 4200000000 ( -0.6975000000 -+ 0.1024000000 cos( - 3.
+ 1224744871 %)) = ] +2 (—0.6975 +0.1024 cos( 34t \/FYJ] (

-0.1536000000 (0.9024000000 + 0.1024000000 sin( -3. + 1.224744871 x) ) sin( -3.

2 2
2 2

+1.224744871 x) -0.01572864000 cos( -3. + 1.224744871 x)~ 5 +3.707200000 ¢

b |~

-
-

=+ 0.3072000000 sin( -3. + 1.224744871 x) + 3. (0.9024000000 + 0.1024000000 sin( -3.

xz
2

2

-1.200000000 ( -0.6975000000 + 0.1024000000 cos( - 3.
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4 Concluding Remarks
In this study, approximated solutions for some non linear problems are calculated by Adomian Decomposition
Method (ADM) and Homotopy Perturbation Method (HPM) and then the numerical results are compared.

It is analyzed that in Adomian Decomposition Method first Adomian polynomials are calculated which is a
bit difficult and time wasting process and the fact that HPM solves nonlinear problems without using
Adomian’s polynomials is a clear advantage of this technique over ADM.

The comparative study between these two methods shows that the results obtained by using HPM with a
special convex constructed Homotopy is almost equivalent to the results obtained by using ADM for these
types of non linear problems.
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