Computational Ecology and Software, 2014, 4(2): 116-128

Article

Complex dynamics of a stochastic discrete modified Leslie-Gower
predator-prey model with Michaelis-Menten type prey harvesting

A. Elhassanein
Dept. of Math., Faculty of Science, Damanhour University, Damanhour, Egypt

E-mail: el_hassanein@yahoo.com

Received 30 January 2014; Accepted 5 March 2014; Published online 1 June 2014
o) EXR

Abstract

This paper introduced a stochastic discretized version of the modified Leslie-Gower predator-prey model with
Michaelis-Menten type prey harvesting. The dynamical behavior of the proposed model was investigated. The
existence and stability of the equilibria of the skeleton were studied. Numerical simulations were employed to
show the model's complex dynamics by means of the largest Lyapunov exponents, bifurcations, time series
diagrams and phase portraits. The effects of noise intensity on its dynamics and the intermittency phenomenon
were also discussed via simulation.
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1 Introduction

Deterministic nonlinear predator-prey models (ODE models) are widely used to understand the dynamics of
the ecosystems (Rosenzweig and MacArthur, 1963; Clark, 1976; Steven, 1994; Srinivasu, 2001; Kondoh, 2003;
Murdoch et al., 2003; Nedorezov and Sadykov, 2012). In recent years, there has been an increasing interest in
Leslie-Gower type predator-prey model (Hsu and Huang, 1995; Li and Xiao, 2007; Liang and Pan, 2007; Song
et al., 2009; Tian and Weng, 2011; Tian and Zhu, 2012). The local and global stability for a predator-prey
model of modified Leslie-Gower and Holling-type Il with time-delay has been considered by Lin and Ho
(2006). Bifurcation analysis of a Leslie-Gower prey-predator model with Holling-type 11l functional response
has been studied by Li and Xiao (2007). The global stability of a Leslie-Gower prey-predator model with
proportional harvesting in both prey and predator has been studied by Zhang et al. (2011). By defining a
suitable Lyapunov function, the global stability of the unique interior equilibrium of the system was shown,
which means that suitable harvesting has no influence on the persistent property of the harvesting system.
Mena-Lorca et al. (2007) studied the dynamics of the Leslie-Gower model subjected to the Allee effect with
proportionate harvesting. The dynamical behavior of the periodic prey-predator model with a modified Leslie-
Gower Holling-type Il scheme and impulsive effect has been studied by Song and Li (2008). Phase portraits
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near the interior equilibria of a Leslie-Gower model with constant harvesting in prey has been considered by
Zhu and Lan (2010). Gupta and Chandra (2013) introduced a modified version of the Leslie-Gower prey-
predator model with Holling-type Il functional response in the presence of nonlinear harvesting in prey. Many
authors (Agarwal, 2000; Agarwal, 1997; Freedman, 1980; Murray, 1989) have argued that the discrete time
models governed by difference equations are more appropriate than the continuous ones when the populations
have nonoverlapping generations. Discrete time models can also provide efficient computational models of
continuous models for numerical simulations. Discrete Leslie-Gower predator-prey model has also been
studied by many authors. Huo and Li (2004) considered a discrete Leslie-Gower predator-prey model. They
obtained sufficient conditions which guarantee the permanence of the model. Under the assumption that the
coefficients in the model are periodic, the existence of periodic solution is also obtained. Agiza et al (2009)
investigated discrete-time prey-predator model with Holling type 11. The existence and stability of three fixed
points have been analyzed. The bifurcation diagrams, phase portraits and Lyapunov exponents have been
obtained for different parameters of the model. The fractal dimension of a strange attractor of the model has
been also calculated. They showed that the discrete model exhibits rich dynamics compared with the
continuous model. It has been shown that for the discrete-time prey-predator models the dynamics can produce
a much richer set of patterns than those observed in continuous-time models, see Danca (1997), Jing and Yang
(2006), Liu and Xiao (2007). The main objective of this paper is to propose a stochastic discrete version of the
modified Leslie-Gower predator-prey model with Michaelis-Menten type prey harvesting, and analyze its
chaotic behavior.

The organization of this paper is as follows. In section 2, a stochastic discrete version of the modified
Leslie-Gower predator-prey model with Michaelis-Menten type prey harvesting is formulated. In section 3, the
stability condition of the system are derived. The simulation is used in section 4, to discuss the analytical
results and to show the effects of noise intensity on the dynamics of the system.

2 The Stochastic Discrete Model
In the case of continuous time the modified Leslie-Gower predator-prey model with Michaelis-Menten type
prey harvesting has the following form

dx x a | x1x Ex
Te=ra(1-3) -
n+xq myE+myx, (2 1)
dx, ( azxz) '
—=s5x,|1—
dat 2 n+xq

here, x,(t) and x,(t) are the prey and predator population densities respectively r and K are intrinsic
growth rate and environmental carrying capacity for the prey species respectively. a, is the maximum value
of the per capita reduction rate of prey, n measures the extent to which the environment provides protection
to prey and predator (under the assumption that the extent to which the environment provides protection to
both the predator and prey is the same (Ji et al., 2009, 2011), s measures the growth rate of the predator
species, sa, is the maximum value of the per capita reduction rate of predator, g is the catchability coefficient,
E is the effort applied to harvest the prey species, and m,, and m, are suitable constants. All the parameters

are assumed to be positive due to biological considerations.
Using a suitable non-dimensional scheme, the system (2.1) can be transformed into the following system,
Gupta and Chandra (2013).

sz( _ﬁx_ﬂ_i)
dt K m+x  c+x/)’ (2_2)
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with the initial conditions, x(0) = x, > 0, y(0) =y, > 0 where a, 8, m, k&, c,and p are all positive.

Applying the forward Euler scheme to model (2.2) we obtain the following stochastic discrete modified
Leslie-Gower predator-prey model with Michaelis-Menten type prey harvesting model

_ h
Xp = Xeq + x4 (1 — Xp_q1 — %t:l - C+XH) + ke, 23)
Ve = Ye-1 + plye—q (1 - Tfthfl) + kn,

where [ is the step size «, 8, m, h, ¢, and p are defined as model (2.2) and (&, 17;) are assumed to be an
i.i.d. white noise sequence conditional upon the history of the time series, which is denoted Q,_; =
{(x¢—1,ye-1)} that is, E{(e, n:)\Q¢—1} = 0 and E{e,2\Q_1} = 02 E{n;2\Q;_1} =02, and k is a scalar
parameter of the noise intensity.

3 The Skeleton (Free Noise System)
In this section we study the chaotic behaviour of the free noise system (2.3) caused by the change of time step.
Where k = 0, the system (2.3) becomes

- _ A W
Xp = Xeog 1%y (1 Xe-1 m+xe_q c+xt_1) ! 3.1)
_ Byt-1 '
Ve = Ye-1 T plyes (1 - —mm_l)

Fixed points of the system (3.1) are derived in the following.
Lemma 3.1. The fixed points of the system (3.1), are

(@) Eo = (0,0);

(ll) El = (x*l, yl*)' Where

=2 (em1-5) 1 flem1-5) - (bme ) =50 an

(iii) E; = (x*5,v,%), where x*, =_71(c—1—%)—\/i(c—l—%)z—(h—c+%),y2* =%x*2

Proof. The fixed points of the system (3.1) are obtained as the solution of the algebraic system:

x=x+lx(1—xt_1—ﬂ—i).

m+x c+x
y=y+ply(1-L2)

m+x

which is obtained by setting x; = x;,_; = x and y, =y, =y in(3.1), itis easy to complete the proof.
The local stability analysis of the system (3.1) can be studied by computing the variation matrix
corresponding to each fixed point. The variation matrix of the system at state variable is given by

amy h —lax
1+ l(l —2x - (m+x)2 - (c+x)2) m+x
J(x,y) = LoBv? X . (3.2)
LpBy” 1+Ip(1— ﬂ)
(m+x)? P m+x

Theorem 3.1. The fixed point E, is unstable fixed point for all parameters values.
Proof. In order to prove this result, we estimate the eigenvalues of Jacobian matrix at E,. The Jacobian
matrix for E, is

h —lax
J(Ey) = (1 +HiA-2 o5 )
0 1+1p

Hence the eigenvalues of J(E,) are w; =1+ 1(1 —g), w, =1+ lp, and since all parameters are positive
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the proof is completed.
Theorem 3.2. The fixed point E;, i = 1,2 is locally asymptotically stable if one of the following
conditions is satisfied:
(A1) max{a;, max {b;, d;} , max {e;, f;}} <1 < g;;
(A2) max{a;, max {b;, d;}} < | < min{g;, min {e;, f;};
(A3) max{a;, max {e;, f;}} <l < min{g;, min {b;, d;};
(A4) a; < | < min{g;, min {b;, d;}, min {e;, f;}}

2y; b; _ pHVp? 4¢>l d; _ p=Vp? 4¢>, e._P+7i+\/(P+Vi)2_8¢i

otherwise it is unstable fixed point, where a; =

i’ i i e 2¢; ’
pH+vi—y(p+v)?-8¢; PHYi _ _ _q{_7j _2am_ 1  4hc R T
fi= 2¢; i = & b =p0it B(2m+1 )) vi=1-1 B 2m+l; (2c+I)?’ and I; = 2x;”.
Proof. The Jacobian matrix (3.2) at E;,i = 1,2 has the form
—lp I:
](El) = \ Ip .
— 1- lp/
B
2am 1 4hc
where yi=1-—1; _Tm_m’ o =plyi + ﬁ(2m+l )) and I; = 2x;".

The corresponding characteristic equation of matrix J(E;),i = 1,2 is
Pi(w) = w?® — tr] (E;) + det] (E;) = 0,
where trJ(E;)) =2 +1(y; — p) and detJ(E;) =1 — (y; + p) + I?¢;

If the eigenvalues of the Jacobian matrix of a fixed point are inside the unit circle of the complex plan,
interior fixed point is local stable. Using Jury's conditions (Chatterjee and Yilmaz, 1992; Zhu and Lan, 2010),
we have necessary and sufficient condition for local stability of interior fixed point which are the necessary
and sufficient condition for |(u1‘2| < 1, which completes the proof.

4 Numerical Simulation
4.1 Deterministic system

The main purpose of this subsection is to investigate the qualitative behavior of the solution of the nonlinear
system (3.1). To provide some numerical evidence for its chaotic behavior, we present various numerical
results here to show the chaoticity including its bifurcation diagrams, Lyapunov exponents, and fractal
dimension. In Fig. 1(a) bifurcation diagram of the system (3.1) is plotted on the interval 0.2 <[ < 0.9 for
initial point (x,,y,) = (0.01,0.02) with (a,8,m, h,c,p) = (1,2,2,1,2.1,3). In Fig. 2, a plot of the Lyapunov
exponent for attractors of the system (3.1) according to Fig. 1 is presented. A positiveness of this exponent for
I* > 0.6689 confirms the chaotic character of attractors in this parametrical zone (here, the value [* =
0.6689 is a tangent bifurcation point). In Fig. 3 phase portraits are given for different values of | to show the

chaotic behavior of the system. For the given parameters the only positive equilibrium point is E*; =
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(0.030662,1.01533) which is attracting point for 0.2 <! < 0.66890 as we can see in Fig. 3. (a). Fig. 3.(b)
show the period-two orbit in the parameter zone 0.6689< | <0.8195. The period-four orbit in the parameter
zone 0.8195 < [ < 0.8527 is clear in Fig. 3(c). The chaotic attractor for 0.8527 <1 < 0.9 is clear in Fig.
3(d). Which means that the system (3.1) undergoes a discrete Hopf bifurcation. One of the commonly used
characteristics for classifying and quantifying the chaoticity of a dynamical system is fractal dimensions,

(Cartwright, 1999; Zhu and Lan, 2010). Via simulation we get two Lyapunov exponents 4, =~ 0.08026 > 0 >

0.08026
.35263

A, = —0.35263 for [ = 0.871, which means that d;, =1+ = 1.2276. There for the system (3.1)

exhibits a fractal structure and its attractor has a fractal dimension which is chaotic behavior.

Fig. 1 Bifurcation diagram of (3.1), for 0.2 <1< 0.9 and initial point (xg,y,) = (0.01,0.02) with
(a,8,m, h,c,p) = (1,2,2,1,2.1,3).

Fig. 2 Maximum Lyapunov exponents corresponding to Fig. 1.
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Fig. 3 Phase portrait of the system (3.1) for: (a) l = 0.6 ; (b) l = 0.6679 (c)l = 0.671 (d) [ = 0.87 with
(a,B,m,h,c,p) = (1,2,2,1,2.1,3).

4.2 Stochastic model

Along with the deterministic systems (3.1) we consider a stochastic system forced by additive noise (2.3),
wheree, and 7, are uncorrelated Gaussian random processes with parameters E (g, n,) = 0 and Eg,? =
En.? =1, and k is a scalar parameter of the noise intensity. We study a behavior of this stochastic model for
different sets of parameters [ and k. In Figs. 4, 5 and 6, stochastic attractors of the system (2.3) are plotted on
the interval 0.2 <1< 0.9 for three values of the noise intensity k = 0.0002,0.0004, and 0.0006.
Lyapunov exponents corresponding to each value of noise intensity are given in Fig. (7) (a), (b) and (c)
respectively. As we can see, noise deforms the deterministic attractor (compare Figs. 2 and 7). As noise
intensity increases, a border between order and chaos moves to the left. The changes of the arrangement of
attractors are accompanied by the changes in dynamical characteristics (compare Lyapunov exponents in Figs.
2 and 8). The most essential difference between stochastic and deterministic attractors is observed near the
bifurcation point [* = 0.6689. The underlying reason is that in the vicinity of this bifurcation point attractors
are highly sensitive to random disturbances. Consider in detail a behavior of stochastic system (2.3)
near [* = 0.6689. Compare the stochastic response of this system for two fixed values [ = 0.668 and
1 =0.671. Consider [ = 0.668. For low noise k = 0.0002, random states are concentrated near the stable
deterministic equilibrium E*; (see Figs. 8 and 12(a)), they have distribution with mean equal approximately

E*; = (0.0306,1.0153) and covariance matrix
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_(0.00000057 0.00000038)

0.00000038 0.00002028
For k = 0.0006 one can see stochastic oscillations of large amplitude. Indeed, as the noise intensity increases,

the dispersion of random states near E*; growsc see Table 1. After these oscillations, iterations come to the
vicinity of the point E*; again and so on (see Figs. 9 and 12(b)). In this case, the stochastic model (2.3)
exhibits a coexistence of two different dynamical regimes even if the system (3.1) has a stable equilibrium
only. This type of dynamics of the system (2.3) can be determined as a noise-induced intermittency
(Bashkirtseva and Ryashko 2013). In Figs. 10 and 11, time series of the stochastic system (2.3) with
1 =0.671 for k = 0.0002 and k = 0.0002 are plotted. As can be seen, noise-induced intermittency for this
[l =0.671 is observed for the lower noise intensity, see also Fig. 13. For stochastic attractors and their
dynamic characteristics, a dependence on noise level is illustrated in Figs. 14 and 15 for [ = 0.668 and
[ = 0.671. In Fig. 14, one can see a sharp growth of the size of the attractor as noise intensity exceeds some
critical value. A change of the sign of Lyapunov exponent from minus to plus can be interpreted as a transition
from regular to noise-induced chaotic regime (see Fig. 16). Thus, the results presented here give us a

qualitative description of noise-induced transitions from the regular regime to intermittency.

Fig. 4 Bifurcation diagrams of the stochastic model (2.3) with k = 0.0002, 0.2 <1< 0.9, and (a,8,m, h,c,p) =
(1,2,2,1,2.1,3).

Fig. 5 Bifurcation diagrams of the stochastic model (2.3) with k = 0.0004, 0.2 <1< 0.9, and (a,8,m, h,c,p) =
(1,2,2,1,2.1,3).
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Fig. 6 Bifurcation diagrams of the stochastic model (2.3) with k = 0.0006, 0.2 <1< 0.9, and (a,8,m, h,c,p) =
(1,2,2,1,2.1,3).

Fig. 7 Lyapunov exponents of the stochastic model (2.3) with 0.2 < [ < 0.9: for (a) k = 0.0002; (b) k = 0.0004; (c)
k = 0.0006.

Fig. 8 Time series of the stochastic model (2.3) with 1 =0.668, k = 0.0002 and (a, 8, m, h,c,p) = (1,2,2,1,2.1,3).
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Fig. 9 Time series of the stochastic model (2.3) with [ = .668, k = 0.0006 (a,8,m, h,c,p) = (1,2,2,1,2.1,3).

Fig. 10 Time series of the stochastic model (2.3) with | = .671, k = 0.0002 and (a, B,m, h,c,p) = (1,2,2,1,2.1,3).

Fig. 11 Time series of the stochastic model (2.3) with [ = .671, k = 0.0006 and (a,8,m, h,c,p) = (1,2,2,1,2.1,3).

Fig. 12 Phase portrait of the system (2.3) with [ = .668, and (a,8,m, h,c,p) = (1,2,2,1,2.1,3) for: (a) k = 0.0002;
(b) k = 0.0006.
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Fig. 13 Phase portrait of the system (2.3) with [ =.671 and (a,8,m, h,c,p) = (1,2,2,1,2.1,3) for: (a) k = 0.0002;
(o) kK = 0.0006.

Fig. 14 Attractors of the stochastic system (2.3) for 0 < k < 0.0006 ; [ =0.668 and (a,B8,m,h,c,p)=
(1,2,2,1,2.1,3).

Fig. 15 Attractors of the stochastic system (2.3) for 0 < k < 0.0006; [ =0.671, and (a,B8,m,h,c,p)=
(1,2,2,1,2.1,3).

Fig. 16  Lyapunov  exponents of the stochastic system (23) with 0<k <0.0006 and
(a,B,m, h,c,p) =(1,2,2,1,2.1,3) for: (a)l = 0.668; (b) [ = 0.671.
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Table 1 Mean of the stochastic states (x;,y;) of the system (2.3) at different values of [ , k and (a, B, m, h,c,p) =

(1,2,2,1,2.1,3).
E o\ 1 0.668 0.671
0.0002 (0.030572,1.0153) (0.032278,1.0142)
0.0006 (0.029719,1.0147) (0.033094,1.0145)

Table 2 Covariance matrices of the stochastic states(x;,y;) of the system (2.3) at different values of [ , k and

(a, B,m,h,c,p) =(1,2,2,1,2.1,3).

k \ 1 0.668 0.671
0.0002 (0.00000057 0.00000038) (0.00000140 0.00001124)
0.00000038 0.00002028 0.00001124 0.00195619
0.0006 (0.00001082 0.00000606) (0.00001211 0.00001732)
0.00000606 0.00016785 0.00001732 0.00203988

5 Conclusion

From a mathematical as well as biological point of view the predator-prey models can be formulated as
systems of differential or difference equations (Nedorezov and Sadykov, 2012). The current paper have
proposed a stochastic discrete modified Leslie-Gower predator-prey model with Michaelis-Menten type prey
harvesting, where the protection provided by the environment for both the prey and predator is the same. The
model shows rich and varied dynamics. The local stability of fixed points have been discussed. The results
show that the origin is unstable equilibrium point of the system. There is a unique interior equilibrium point
which is locally stable for certain parametric restrictions. The effectiveness of the time step on the dynamics of
the system has been shown. The chaotic behaviour of the system has been proved. We focus on the study of
the noise-induced type-1 intermittency phenomenon and chaotization observed near tangent bifurcation. The
remarkable feature of the dynamics of the model considered here is that small noises generate large-amplitude
chaotic oscillation.
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