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Abstract

This paper deals with the approximate analytical solution of the Navier-Stokes equations in cylindrical
coordinates. The homotopy perturbation method is used to get the analytical approximation. Depending upon
different available choices for the linear operator, we also have the advantage to choose different initial
approximations to start our analysis. The analysis is done without calculating the Adomian’s polynomials.
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1 Introduction

The Navier-Stokes equations describe the motion of fluids that is a substance which can be flow and it arises
from Newton 2nd law applying to the fluid motion (Square, 1952). The Navier-Stokes equations are widely
used in physics, they are used for modeling of weather and seas currents, designing of aircrafts and cars, for
motions of stars, they are used in video games, flow of water in a pipe, blood circulations, analysis of power
stations, and study of populations (Thorpe, 1997).

In fluids mechanics, the dynamics of a flowing fluid is governed and represented by the Navier- Stokes
equations which are nonlinear partial differential equations. Here our case of interest is to approximate the
governing equations of the flow field in a tube, since it is nonlinear in character and it is impossible to solve
these equations analytically to get the exact solution. To solve these equations, we are led to adopt some
restrictive assumptions and some simplifications, which involve the suppositions of weak non linearity to
apply traditional perturbation methods, small parameter assumptions which restrict the wide applications of the
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perturbation techniques, linearization which is certainly a handy task, discretization to apply numerical
techniques etc. In using the traditional numerical methods for the numerical solution of the Navier- Stokes
equations are very difficult and it is due to mixing of different length scales involving in the fluid flow which
results in massive out prints.

Our objective here is to find the continuous analytical solution to the governing equation in cylindrical
coordinates without massive outsprints and restrictive suppositions as discussed above, which change physical
problem into a mathematical problem. K. Haldar (Haldar, 1995) used Adomian’s decomposition method
(Adomian, 1996; Adomian, 1989) for the analytical approximation of the problem which is most transparent
method for the solutions of the Navier-Stokes equation in cylindrical coordinates. However the limitations of
this method involve a handy task of the calculations of the Adomian polynomials, which proved to be too
difficult and cause to slow down the application. To overcome this shortcoming, we make use of the homotopy
perturbation method to get analytical approximations for different choices of linear operators and the initial
guesses available. Recently, the homotopy perturbation method being a powerful technique was developed by
He (He, 1999, 2005) .The main advantage of this technique is to overcome the difficulties arising in the
process of calculations for the nonlinear terms arising in the problem. This gives analytical approximation to
the different classes of the nonlinear differential equations, system of differential equations, integral and
integro-differential equation and systems of such equations. Haldar applied the Adomian’s decomposition
method to the Navier- stokes equations in cylindrical coordinates for two dimensional irrotational fluid flow in
a tube (Hardar, 1997). Our present analysis gives the application of homotopy perturbation method without
any restrictive assumptions and handy calculations of the Adomian polynomials to the Navier Stoke Equations
in cylindrical coordinates, in which the steady two dimensional irrotational flow of fluid in a tube of non-
uniform circular cross section can be studied.

2 The Governing Equations
Consider the governing equations of motion for the two dimensional flow field for a viscous fluid in a tube
which are described by the cylindrical coordinate transformation of the Navier-Stokes equations read as;

ou  au o°u 1ou d°u) 10P (1)
U—+V—=0| 5 +-—+— [-——
0z or or° ror oz p oz
ov oV o°v. 1lov v® o°v) 10P 2
Uu—+V—=0 —2 ————2+—2 —_—— . ( )
oz or or® ror r° oz p or

It is suggested that the rotational motion of the fluid is negligible. Then the equation of continuity reads is
li(rv)+a—u:0~ 3)
ror oz

Where U, is fluid velocity components in the axial X coordinate and Vv is in the radial coordinate I’ , and

the fluid pressure is described by P, the fluid density by o, and the kinematic viscosity by o for the fluid.

Introducing and labeling the stream function as @ , then we may have,
P ,loo

ror r oz

The equation of continuity is satisfied identically. The dynamical equation of motion in term of the stream

function @ are obtained by eliminating P between (2) and (3), and making us of the relation (4), it is read

: (4)

as;
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Introducing 3 as a linear operator which is defined as;
2 2
I = 0 _(ljiJr 0 , (6)
or’? r)or oz?
and the Jacobean defined as
o(30) o)
O(LD,®) _a(30) o0 o0 a(3®) _| or o @
a(r,2) or oz or oz o(3P) om|
to/4 oz

Now, we here mainly discuss to forms of the linear operator J defined by equation (5). We will split the
linear operator Jin two parts and discuss the two cases. It is to note that in the homotopy perturbation
method we are free to choose the linear operator. This mainly depends upon the given form of the initial or
boundary condition and the problem under investigation. Therefore, depending upon our choices and the
possibilities for the appearance of the auxiliary linear form of operator in the problem we consider two cases
here.

Case 1:

The first form of the linear operator extracted from equation (5) for the possible form of the linear operator is
supposed to be;

o 10
R 8)
Yooar? ror
o° o?
Then the operator 3 becomes J= 3, +a_2, which implies that 52 321 + 26_231 n 521 then
Z z
o~ o~ 62(1) o~ o~
FD=3"D+ 2? 3,0+ F,0. 9)

Using (9) in (5), the equation (5) takes the following form

19(30,0) 2 &0
r oz r* oz

- - o o'd
IO = U[leq) + ZF(JZ:L@) + 624 J,

Taking v both sides

2
I O+2 -—— 30
! Forka oz*

0% (3,@) . o'd _,L (3D, ) 2 0D
r orz) r? oz '

In order to apply the proposed homotopy perturbation method to the given problem, we need to define the
nonlinear term appearing in the governing equations. Therefore, we define the nonlinear term as N® in the
above equation which is given as;
_1o(30,0) 230
r o(rz) r- oz

Then we get the following nonlinear form of equation for our analysis,
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r ooz rfar oz° oz’

Operating S’ll on both sides of the above equation,

~ 2~ 4
50 =34 | o[ 1252.9) —%aﬁ-scb X 2(1) 6? , (10)
r (r,z) oz 0z

Using homotopy perturbation method (HPM) proposed by J. H. He (He, 2006), we construct a homotopy for

equation (10) as; @(r,z;0) : Qx[0,1] -> R - This satisfies

H(v.o)=(1-0)[3(v)-3(u,)]+o(A(v)- f(r))=0, and here o e[0,1] is designed to be an

embedding parameter,

o~ < —1 e o~ o~ a‘s (I) ~— 84(D
(1-o)H(w,0) =(le—\sl®0)—a{u '3 (FW—FE-\WJ—ZJ Y el Y por }:o. (11)

Suppose the solution of (11) is of the form of
o(r,2,0) =@, +ow, + 0’0, +..., (12)
Using (12) in (11) we get

103(wy + o, +-++, @0y + 0@, + -+, _
Sl(a)0+0'a)1+...,)—31d>o+oi‘slw 0'01511{— (0 - 2 - )+o1)1
r

o(r.z)

. _38(w0+01a)1+..-,).3(w0+01w1+”_,)}0511{ Zazal(wo +oa +-+,) 0'(a +aa)1+..,,)}20.

3
! r? oz oz’ oz*

(13)
Now we simplify the quantities enclosed in brackets,

(I, +03a, +-++) 0w, + 0w, +--)

6(3((00+0a)1+---,),(a)0+0a)1+---,)) or or
a(r,z) - (I, +0Jw, ++++) 0w, + 0w, +-+)

0z 0z

0(3m +030 + Iy ++) Oay+om+Pm+) O(Iay+0Sa +0"Sa, ++) 0@ +oncia,+-)

o ' a a o

Lo (a\sa)z Ow, 03w, .éa)o) (&sa)o 0w, 03w, ‘aa)z) BSw, 0w, ISw, Ow, +0(c?),
or oz oz or or oz oz or or oz oz or

O_O(M}ro_l[ Sw, 0,) 8( a)oa)l)] - {G(Swz,a)o)+8(Sa)0,a)z)+6(3a)1,a)1)J+

o(r.2) o(rz)  a(nz) orz) — olny) alng) (14)

The calculations made in (14) is according to the definition of the Jacobean, and
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8(500 +o'w, +)
07

0 0 0
-(S(a)o+ala)l+---))=0'°(3a)o ;Z)O}LOJ(S@ gz)°+3a)o Gaz)lJ

2(<~ 0wy, ~ 0o 8(02]
+0°| So, + 3w, —+ 3w, +e
0z Z oz (15)

Combining the terms containing the equal powers of ¢ in equation (14) and (15)

C =o" {1(—8(3%’%)]—551 (_—2 00, Sa)on (15a)
ri o(r,z) r’ oz

o(Sw, o o(Sw,, o, 0 0
C, =o' (Sa o)+ (Say, @) _%ﬂ.gler%_wl.sa)o , (15b)
a(r.z) o(r,z) r* oz r’° oz
C g2 6(5@2,600)+6(Sa)0,a)2)+6(3a)1,a)1) 200y o 200 L 200, L
3 a(r,z) o(r,z) o(r,z) r? oz 2 r? oz Yooz 2]
(15¢)
and so on. Now
az S + + 2 4. 2~ 2~ 2
( (a)o o-a)12 o W, ))200 8\520)0 g 6J20)1 g aoza)z . (16)
oz oz oz oz
0* (6w, + o', + o’ w, +-+- 4 4 ¢
( o azi 2 ):Uo[5620J+01[Zz?1j+02(aa::_2]_,_... 17)

Now combining the terms containing the equal powers of o in equations (16) and (17)
2~ 4
D, = _26 3,0, | [ 0w, , (17a)
oz’ oz*
D. | 0°3,0, 3 o
2 oz’ oz

2~ 4
D, z[_za ;lzwz]_taaa:z} (17¢)
z z

8

IS

]. (17b)

and so on. Using equations (15a), (15b), (15c), (17a), (17b), (17¢) in equation (13). We get from equation (13),

0 le ~ 1~
((7 3,0, +0 3,0, +---)—\516D0 +0 3,0,

—ov' 3¢ (GOC1 +0'C, +0°C, +---+0°D, +0'D, +o°D, +) =0. (18)
Equating the coefficients of equal powers of o we have the zeroth order problem as:
Zeroth Order problem:  3,@, — 3,4, =0, whichimplies @, =®,(r,z)- (19)
Here @, is defined as the solution of homogenous equation Jio, =0, (20)

subject to the pre-prescribed boundary conditions. Now to find the approximation for @, for which we first
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find the inverse operator 31’2 and for it we consider equation (3), 3P=0- (21)
: o ) 5 : 1
We now define 5 _— 2 &T, =— then operator 3, takes the following formas 3 =3 _-=3,,
"oor "oor’ r

3,0 zsrrq)_%srq),Using equation (21) we get srrqp_%srcp =0.Solving for 3, and 3, that is for

linear terms

I D==3 O, (22)

ID=r3 @, (23)

~ -1

Operating Sr’l on (24) and 3, on (24) we get

O=¢p +3," GS@), (24)

D=p,+3,7(r3,0), (25)

r

¢, and ¢, are the solutions of two homogenous equations 3 ® =0, and J ® =0, respectively. The

inverse linear operators I, and 3, are defined as

3,7 = ”(-)drdr,

(26)
3= j(-)dr.
Adding (25) and (26) we get 20=¢, +¢p, + 3, (lsrq)jwﬂ(rann), and dividing both
r
sides by 2, to get = @+ {Srrl G Srcbj +3,7 (rS,FCD)}, (27)
r
1 ~ -1 1 ~ ~ -1 ~
© =g +3| S| T3P+, (r3,®)|, (28)
where @ = 7 -'2_% , then
l ~ - 1 ~ ~ - o~
(I)l :E|: r 1(F‘Sr)+‘sr l(r‘srr )j|q)0’
(DZ :%|:Srr1 (%Srj+srl(rsrr )j|cD1' (29)
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Let the quantity in brackets is denoted by [

1
O, ZEIBq)o
1 1.1 1
o, —Eﬂq)l —EﬁEﬂCDo —2_218 @, ' (30)
1 n+!
q)n+l = 2n+1 ﬂ ' 0
21 n =1 ~ -1 1 ~ ~ -1 ~ "
D= Z_ﬂ q)o = z_ S| T TR (r‘srr) q)o ' (31)
n=0 2n n=0 2n r
1 -2
Now the inverse of the linear operator is defined 31‘2 = (3” __Srj as
r

n=0

Now we come to equation (19) and define the zeroth order problemas, @, =®,. And the 1% order problem

~ ~ _ ~-1 -1
as S0+ 3,0, =3, (u C + Dl).

Substituting values from equation (15a) (17a) we get,

r a(r,z) YNy, -

(S a,, o 0 0*3 o'
Slwl + Sla)o = Sil [Ul (l—( 0 0) -3 3 % J -2 a;lza)o aZa:O :|

Operating 3, on both sides of the above equation yields,

- - (103w, @) _ 2 0o, ’Jw, o
o+ S [?T))“’r az"}z @

Making use of @, = @, for the initial guess of HPM methodology, Jid, =0,

Y lﬁ(iia)(,,a)o)_(~ 2 Jw, _Zazﬁla)o 640)0'
oz? oz

M1 = ro(r,2) DI Ip

Operating with 31’2 on both sides of the above expression,

e[ 10(Sy, @) 2 Ow L0300, _,00
o, =03 | S, |23 — L 5 33
. “lroa(rz) ‘r? oz v tooart (39

where 31‘2 is given in equation (32). The 2" order problem is given as, J,w, = 37 (0’102 + Dz). Using
the values of C, and D, from equations (15b) and (17b), we get
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~ ~ 2~ 4
Sm, = 3| 0! 1 6(\sa)1,a)o)+8(\sa)o,a)1) —(Swl%%+5a)0%%j— 50 lea)l ~ a(:)l .
r{ o(r,z) o(r,z) r2 oz r? oz 0z 0z

Operating with Sl’l both sides of the above equation to get,

12 {(EM_SQIE&DOJ+[la(s®oi®1)_:q)o 2 &J}

, =0 ) —
? Sroo(rz) r’ oz ro(r,z) r’ oz (34)
PR R Y
boa? toot '

Now since in the methodology of HPM, we suppose the following expression for the approximate solution of
the problem,

(D:Iinla):a)o+a)l+a)2+a)3+...' (35)
where the components of the series solution are defined to be as; @, = Dy,
q)l = 0’13;2 EM— S(I)O 32 0 |_ 25;2 12 0 —SIZ 40 ,
roo(rz) r’ oz oz oz

o(30,,® ) o(3D,,® )

D, =032 EM—SQl%a o |, 1 (3P, 1)_3®0%8 .

r o(r,z) r’ oz ro(r.z) 2 oz

0°3,® PR
~2 ~-2
_2‘51 az12 1 -3 5241'

and so on. If once @ is obtained, which can be easily obtained by constructing the homotopy for the given
problem and equating the coefficients for the zeroth order problem, then we can find @, in terms of @, and

in the similar fashion @, can be evaluated in terms of @, and @ .The other higher order components can

be easily obtained having the all other lower order values. Thus all the components of @ can be calculated.

The series solution @ = Zq)n , thus can be given the following form,
n=0

O(3D,, P oD *3,® o'®
D=0, +0'F” 19(30, 0)—3 032 ¢ -237 le 03—
roo(rz r oz oz
o(3D,, @ O o(3D,,d O

+07'37° EM_S(I%%@ o |4+ 1 ( 0 1)_3 0%& (36)
r o(r,z) r* oz ro(r,z) r* oz

52080 00
bt toat
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Case 2:

We may have the other available or chosen form of the linear operator as;

Som lxes wheress 352203 =0 ands, =2 thent ion (5) we h
3I=3, —F\sr +3,. ereas 3, =5 3, =? and 3, =57 then from equation (5) we have,

~2

DS

(D_la(ScD,cD)_iaqmcp
roo(rz) ot e

Taking v both sides of the above expression, 2P =t EM -3 200
2
r o(r.z) r? oz
F2P — 7t EM_ Sq)iaﬁ =0. (37)
roo(r.z r’ oz

Using the methodology of HPM, we may construct a homotopy for equation (37) as;

la(Sw,w)_wwEGS_wD (38)

w(r,z;q):Q[O,l]—>iR-H(w,q):(l—q)(Sw—Sd)O)—qS1(01(r 5(r.2) ST,

Suppose the solution for equation (38) is of the following form

@ (r,z;9) =q°a@, (r,2) + 9@, (r,2) + @, (r,2) +... (39)
Where as
63(w0+qw1+---,) 6(w0+qw1+-~~),
8(5&3,@): or or
o(r,z)  |03(@, +q@, ++,) (@, +a, ++))
0z 0z
_as(wo+qw1+---,)‘a(zvo+qw1+---,)_a(w0+qwl+---,)‘as(w0+qwl+...,)
B or oz or oz
_ (3@, @,) g G(Swl,wo)+8(3wo,wl)
a(r,z) a(r,z) o(r,z)
0 G(Swz,wo)+6(3wo,wz)+8(ﬁwl,wl) . (40)
o(r,z) o(r,z) o(r,z)

a(wo"'o'lwl"‘"") 1 0 ow ow ow
Slw, +o'w, +-,) = So,—> |+q'| Soe—>+ 3@ 1
p. (@ + '@, +--) q( g azj q( ~ s j

Using (40) and (41) in (38) we get
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L2
S|
|
L2
L
+
2

wo_qs{[awwmwo)} {a(s@,wo)ﬁ(wo,wl)}

o(r,z) o(r,z) o(r,z)

2[8(3132,@0) N 6(Swo,w2) N G(Swl,wl)J+
o(r,z) o(r,z) o(r,z)

of ~ -2 0w, 1~ 20w, . -20m,
-0 | So,— -0 | So,— + 3w, — +-+,|=0
q( DT )T Ty TP

We first define the inverse linear operator 72, consider equation (3), 3® =0. Then

1 1
JIO=3,0-=3,0+3,», =30 —lsrqa +3,0=0, 3, 0+3,0==3,0,
r r r
Multiplying both sides of the above equation by r , we get
J30=r3,0+r3, D . (42)
In similar way, we get 3,0 = F\srd) -3,0, (43)
o~ 1 o~ o~
3@ =23,0-3,0. (44)
O=y,+37(r3,0+r3,D)
1
D=y, +3I ", (?Srd) -~ SrrCDj (45)
~-1 1 ~ ~
(D:l//3+‘5 rr F‘Srq)_ zch
+y, + 1 1 1
o=1TVeTVs +—(51r (r3,®+r3,0)+3*, (—srop - Srrd)j +3t (—Sﬂ) - SZZCDD,
3 3 r r
(46)

where @ =Y1*¥2"¥s and w,,w, andy, are the solutions of homogenous equations I .® =0,
0 Vi, ¥, Vs r
3

3, ®=0and 3,,® =0, then

D=, + %[Sl (r3,®+r3,0)+37, [13@ - S"q)j +37 (13@ - “ZZCDD (47)
r r
The inverse linear operators 3., 3,7, and I, are defined by
3t =[()dr, 3, =[()dzdz, 3,7t =[(-)drdr- (48)

Then we have,
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1 ~ -1 ~ ~ -1 1 ~ ~ ~ -1 ~ ~
(Dl =71~ (r‘srr + I'-‘szz)—i_‘szz =3 =Sy [T =3 TS q)O'
3 r r
1 ~ -1 ~ ~ ~ -1 1 ~ ~ ~ -1 1 ~ ~
(DZ = g 3, (r‘srr +r3, ) T3, F‘sr =S | Sy F‘Sr —S% (Dl’ (49)

1 ~ -1 ~ ~ ~ -1 1¢~ ~ ~ -1 1~ ~
Q== 37 (r3, +r3,)+3,7| =3, -3, |[+3,| =3, -3, | |D,.

"3 r r
Let us denote the quantity within the brackets by £, then the following expression is obtained,
_ 1 -
D, = EMDO,
1 11 1

O, == (D, =§€§€®0 =3—2€2d>0,

1 1 (50)

3
(D3 =§€q)2 23—3£ q)O’

n=0 3n
Now the zeroth order problemis JIa@, = 3D, = o, =D,. (52)
. o(3a,,
The 1% order problem is: Jo, + J3a, =pigt l ( @y wo) _16070 S,
roo(r,z) r’ oz
Operating with 3 both sides of the above equations;
o(3a,,
o, + P, =0 1 Sa, wo)_%ﬁwo -3,
r o(r,z) r* oz
In order to find the initial guess of HPM, we make use of the zeroth order problem as: Szwo =0.
P = 10(3@y,@,) 2 da, S
' roo(rz) r* o o)
- . 0(Sa,,@ 0
Operating 5 on both sides to get, @, =037 1 (S@y, @) —32 Zo -Ja, |, (53)
r o(r,z) r’ oz
WWW.iaees.org
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The 2" order problem is:

@ :Ufls—z a(sa)l'wo)_iawo Sa +6(Sa)ola)l) 2 8@71 S
2 o(rz) 1t a ooy ra op

and so on. The series solution form of the problem reads as, o= Iimw(r, z;q) =m,+@, +@, +,
$-1

Where the following quantities are defined, @, = W

IO, , O
0, =i LOEP0P) 2 00 g,
ro(r,z) r’ oz

0(3D,,D 0(3D,,0
@2 — —l:r—Z ( 1 0) _%aq)o Sq)l + ( 0 1) _%acpl Sq)o , (54)
o(r,z) r’ oz o(r,z) r’ oz
and so on. The series form of the solution can be written as; D= iq)n,
n=0
o(3D,, ® @ 23,0 ‘@
O =0, +0'F,? 19(3%, %) 0)—3@0%—a 0 —23;2a le 0 —3;26 2
r o(r,z) r’ oz oz 0z
o(3D,,0 oD o(3D,,d oD
+03? 10(3%,, D)) O)—Sq)l% o |42 (5, 1)—SCDO%—1
ro(r,z) r’ oz r o(r,z) r’ oz
*3,® o'®
~-2 ~—2
+e= 23] 6212 L3 8z4l+

3 Conclusion

We have considered two cases for the available linear operators and obtained the approximation for our
problem. Of course, the selection of the linear operators mainly depends upon the given initial or boundary
conditions. We can see that for the first case, the available linear operator was split in two parts and for the
second case, we considered the full linear form of the operator without splitting it into parts. Thus, on the basis
on methodology of the Adomian decomposition and the homotopy perturbation method (Haldar, 1995), the
present analysis can be applied to a wide range of the physical and engineering problems (Shakil et al., 2013;
Wahab et al., 2013; Wahab et al., 2014; Siddiqui et al., 2014).

As compared to the Adomian decomposition method for the analysis of the problem (Haldar, 1995), we
have the great advantage of the selection of the initial guess which can be chosen on the basis of the previous
knowledge, and most importantly, the initial approximation should satisfy the given initial or boundary
conditions, which leads us to the uniformly valid approximately series solution. While, the Adomian
decomposition method does not have such advantage, because we have to select the initial guess based on the
recursive relation produced by the method. But this initial approximations sometimes, may lead to non-
uniformly valid series solution which also may contain the secular terms in the series. In homotopy
perturbation method, the initial guess satisfying the given conditions may give a uniformly valid series
solution.

On the other hand, the calculation of the Adomian polynomials is not an easy task for the nonlinear terms
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appearing in the problems. However, there are some computer programs which can calculate the Adomian
polynomials, but they are for some specific cases. In our analysis, we avoid such handy calculation because
homotopy perturbation method transforms a non-linear problem into a small number or sub-linear problems
with prescribed conditions. No matter of concern with the existence of the parameter small or large. This is
again a dominating advantage of the method over Adomian decomposition method (Shakil et al., 2013; Wahab
et al., 2013; Wahab et al., 2014; Siddiqui et al., 2014).
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