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Abstract

In this paper, a nonlinear spatial model is proposed and analyzed to study the effect of pollution on biological
population. It is assumed that the pollutants enter into the environment not directly by the population but by a
precursor produced by the population itself. It is further assumed that larger the population, faster the precursor
is produced, and larger the precursor, faster the pollutant is produced. Criteria for nonlinear stability and
instability for both spatial and non-spatial models are obtained. The various parameter ranges for stable
homogeneous solutions are identified. By the simulation experiments, it is observed that by applying an
appropriate effort F , the population density P can be maintained at a higher equilibrium level. It is also
shown that the equilibrium level of the concentration of precursor pollutant, concentration of pollutant in the
environment and in the population decrease due to the effort F.
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1 Introduction

Our environment is getting polluted day by day due to rapid pace of urbanization, industrialization and
deforestation, and we face one of the most important present day socio-ecological problems closely related to
physiological and bio-spherical changes in the population. We do have several examples where the pollution
is responsible for increase in death rate, decrease in birth rate and migration of population (Shukla and Dubey,
1996). The effects of pollution caused by various human factors on structure and functions of ecosystems have
been studied by several researchers (Woodwell, 1970; Smith, 1981; McLaughli, 1985; Hari et al., 1986;
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Woodman and Cowling, 1987; Schulze, 1989; Ghosh, 2000; Srinivasu, 2002; Ghosh et al., 2002, 2006; Naresh
et al. 2006a, 2006b; Sundar, 2013; Sundar et al., 2014). In recent decades, some investigations have been
made to study the effect of pollution on a single or two biological species (Hallam et al., 1983a, 1983b, Hallam
and Luna, 1984; Hallam and Ma, 1986; Luna and Hallam, 1987; Freedman and Shukla, 1991; Huaping and Ma,
1991; Shukla and Dubey, 1996, 1997; Dubey, 1997; Dubey and Das, 1999; Dubey and Hussain, 2000a, 2000b,
2006; Shukla et al., 2001, 2003, 2009; Dubey et al., 2003, 2009; Naresh et al, 2006a, 2006b; Dubey and
Naranayan, 2010; Sundar et al., 2014). In particular, Hallam et al. (1983b) studied the effect of a toxicant in
the environment on a single-species population by assuming that its growth rate density decreases linearly with
the uptake concentration of toxicant. Huaping and Ma (1991) proposed and analysed a mathematical model to
study the effect of toxicant on naturally stable two-species communities. In these investigations, it has been
assumed that carrying capacity does not depend on the concentration of toxicant present in the environment.
However, in real situations the effect of toxicant is to decrease both the growth rate of species and the carrying
capacity of the environment. Taking this aspect into account, Freedman and Shukla (1991) investigated the
effect of a toxicant on a single-species and predator-prey system by considering the exogeneous introduction
of toxicant into the environment.

Shukla and Dubey (1996) studied the simultaneous effects of two toxicants on a biological species, one
being more toxic than the other. Dubey (1997) propose a mathematical model to study the depletion and
conservation of forestry resources in a polluted environment. Shukla et al. (2001) studied the effect of a
toxicant emitted into the environment from external sources on two competing biological species. They found
that the four usual outcomes of competition between two species may be altered under certain conditions
which are mainly dependent on emission rate of toxicant into the environment, uptake concentration of
toxicant by the two species and their growth rates and carrying capacities. Dubey et al. (2003) studied the
behaviour of a resource biomass in the presence of industrialization and pollution. They showed that in the
case of small periodic influx of toxicant into the environment, the resource biomass has a periodic behaviour if
the depletion rate coefficient of environmental pollution is small. However, if this coefficient increases beyond
a threshold value, then the resource biomass converges towards its equilibrium. Naresh et al. (2006a)
investigated the effect of an intermediate toxic product formed by uptake of a toxicant on a plant biomass.
Shukla et al. (2003) proposed and analysed a mathematical model and studied effects of primary and
secondary toxicants on the biomass of resources such as forestry, agricultural crops. Dubey and Hussain (2006)
investigated the survival of a biological species which is dependent on a resource in a polluted environment
and they showed that the diffusion plays a general role in stabilising the system.

In the above investigations, it is assumed that the pollutant enters into the environment by some manmade
projects which may be population (industrialization) dependent, constant, zero or periodic. In this regard,
Rescigno (1977) studied the effect of a precursor pollutant on a single species, but he did not consider the rate
of uptake concentration of the pollutant on the growth of the species. Further, in the above works the effects of
diffusion has not been considered. Keeping the above in view, in this paper we propose and analyse a
nonlinear model to study the effect of a precursor pollutant, which is formed by various human activities in the
atmosphere, on population where the effect of uptake concentration, diffusion and conservation are considered.

The paper is organized as follows. In Section 2, we discuss the model system. Under Section 3, we analyse
the model system without diffusion. In Section 4, we analyze the model system with diffusion. Section 5
describes the conservation model system. In Section 6 and 7, we analyse the conversion model system without
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and with diffusion, respectively. Section 8 depicts the numerical results. Finally, we summarize the results in
the last Section.

2 The Proposed Mathematical Model

Let us consider a polluted environment where a biological population is growing logistically in a closed region
D with smooth boundary 6D . We assume that the environment is polluted by various population activities. It
is further assumed that the population is affected by the pollutant formed in the atmosphere by its precursor.
Let P(X,Y,t) be the population density, Q(X, Y,t) the concentration of the precursor pollutant emitted by
various activities of the population, T (X, y,t) the concentration of pollutant formed by Q in the atmosphere
and U (X, y,t) uptake concentration of pollutant by the population at coordinates (X, y) € D and time t > 0.
It is also assumed that the larger the population, the faster the precursor is produced. It is further assumed that
the larger the precursor, the faster the pollutant is produced. Then, system may be governed by the following
set of differential equations:

oP r,P?

E= r(U)P— K(r)

oQ

ot :j/P_on!

oT 2

S =hQ-hT + 66U ~aPT + DV, 1)

% = —5U +G,h,T +aPT,

+D,V?P,

0<6,,6, <1.

We analyse the system (1) with the following initial and boundary conditions:
P(x,¥,0) = ¢(x,y) 2 0,Q(x,y,0) =w(x,y) 20, T(x,y,0) = £(x, ¥) 2 0,
U(x,y,0)=24(x,y)=>0,(x,Yy) eD; a—Pza—T:O, (x,y)eadD,t>0, @)
on on
where n is the unit outward normal to dD. We assume that the functions P, Q, T, U belong to the class
Cc?(D).
In model (1), V2 =8_22+8_22
ox° oy
is the Laplacian diffusion operator. D, and D, are the diffusion rate coefficients of P(x,y,t) and
T(X,y,t) respectively in D. y is the growth rate of Q due to population P, y,the natural depletion rate
coefficient of Q. hcan be interpreted as the growth rate coefficient of T due to Q. h, can be interpreted as
the natural depletion rate coefficient of T , a fraction &, of which goes inside the body of the population. « is
the depletion rate coefficient of T due to P. &, is the natural depletion rate coefficient of U , a fraction &, of
which re-enters into the environment.
In model (1), the function r(U) is the specific growth rate of the population which decreases as

U increases, i.e.
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r(0)=r, and r'(U) <0 for U > 0. )

The function K(T) is the carrying capacity of the population in the presence of pollutant and it decreases
as T increases. Hence we assume that

K(0) =K, and K'(T) <0 for T >0, and 3 a T =T, such that K(T,) =0. 4)

The model is analysed with and without diffusion.

3 Model Without Diffusion

In this section we take D, = D, =0 in model (1). Then model (1) reduces to

2
P ruyp- B
dt K(T)
dQ B
at =P -7,Q,
dT
5 =NQ-hT +65U ~aPT, (5)
%:_51U +0,h,T +aPT,

P(0) > 0,Q(0) > 0,T(0) > 0,U (0) > 0.

It can be checked that there exists two non-negative equilibria (which belong to the first orthant), namely,

E,(0,0,0,0) and E(P,Q,T,U), where E, 6,? and U are the positive solutions of the following

algebraic equations:

LP=rU)K(T),
Q=Lp,
Yo

_ hQ _
h(1-6,6)+al-6)P

f(P), (say),

U =§{490h0f(P)+an (P)}=9(P), (say).

It can be verified that the equilibrium E exists if the following inequality holds at E:

rh,—r'(U)g'(P)K(F(P)) —r(g(P)K'(T)f'(P) > 0. 6)

By computing the variational matrix corresponding to the equilibrium E,, it can be checked that E is a

saddle point with unstable manifold locally in the P direction and with stable manifold locally in the
Q-T—U space.
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In the following theorem, it is shown that E is locally asymptotically stable.

Theorem 3.1 Let the following inequalities hold:

— 2
rOP_ K'(T)+aT <£ fo (h, +aP), @)
K2(T) 9 K(T)
{6,6, +¢,(6,h, + aP)}? < §c251(h0 +aP), ®)
2 2 =
h <§Cly0(h0+aP), 9)
where
| =E% and c, = =2 (10)
3y°K(T) aT

Then the equilibrium E is locally asymptotically stable.

Proof By taking the transformations
P=P+p, Q=Q+q, T=T+7, U=U +u,

we first linearize model (5). Then we consider the following positive definite function in the linearized form of

model (5):
2

V(p,q,r,u}zg{%wlqz+r2+c2u2} (11)

where €, and C, are positive constants given by (10). It can be checked that the derivative of V with respect

to t is negative definite under conditions (7)-(9), proving the theorem.

In the following theorem it is shown that the equilibrium E is globally asymptotically stable. To prove
this theorem, we need the following lemma which establishes a region of attraction for system (5). The proof

of this lemma is easy and hence is omitted.

Lemma 3.1 The set Q, ={(P,Q,T,U):0<P<K,,0<Q+T+U < %} is a region of attraction for

all solutions initiating in the interior of the positive orthant, where

7o >hand & =min{y, —h, h,(1-4,), 5,(1-6,)}.

Theorem 3.2 In addition to the assumptions (3) and (4), let r(U) and K(T)satisfy in Q,,

0<—r'(U)<p, K, <K(T)<K,and 0<—K'(T)<k, (12)
for some positive constants p, K, and K. Let the following inequalities hold:
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2
roK02 kK alo| 4 1 - )
KZ 5 9 K(T)
aK ) r
{p+—0} <=0, —=, (14)
5 37 K(T)

2, 2 S
h <§C1;/0(h0+aP), (15)
(6,8, + ,h, +aP)? <§51(h0 +aP), (16)

where C, is same as defined in Eq. (10).
Then, E is globally asymptotically stable with respect to all solutions initiating in the interior of the positive
orthant €2, .

Proof Consider the following positive definite function around E,

5 5P C, e 1 T2 1 11)2
Vl(P,Q,T,U):P—P—PInF+E(Q Q) +2(T T) +2(U u) . a7

Now differentiating V, with respect to t along the solutions of (5), we get

[\ _She = S .
dt K(F)(P P)? —¢,7,(Q-Q)* —(h, +aP)(T -T)? -65,(U -U)

+¢,7(P=P)Q-Q) — (,PE(T) +&T)(P-P)(T -T) + (n(U) + &T)(P - P)(U —U)

+h(Q-Q)(T ~T) + (6,3, +6,h, +aP)(T -T)(U -U), (18)
where
0-rO) g
nU)=y uU-uU ,
r’(U), U=U
1 1 — =
{———_ IT-T), T=T
)
£(T) = (T)_ K(T) |
_ KM T=T
K*(T)'

From (12) and the mean value theorem, we note that

|77(U )| < p and |§(T)|£%.

m
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Now Eq. (18) can be rewritten as the sum of the quadratics:

v, 1 o 5. _P)0-0)-1a (0-0)
F— 2a11(P P) +a12(P P)(Q Q) 2a22(Q Q)

~ 2, (P=P) +au(P-P)T ~T)-Zay (T -T)’

8, (P-P) +a,(P-P)U -U) - a, (U -U)’

1 — — = 1 =
_Eazz(Q_Q)2 +a23(Q_Q)(T _T)_Ea33(T _T)2
1 =\ — — 1 —
_Eass(T _T) +a34(T _T)(U _U)_Eazm(u _U) )
where
a;; :Er_o_’ Ay =Cyy, Ags :E(ho +0(E), a, =0, a,=Cy, ag=—(hPS(T)+al),
3 K(T) 3

a, =nU)+al, ay=h, a, =060, +6)h, +aP.

dv
Sufficient conditions for d_tl to be negative definite are that the following conditions hold:

2, < a8y, (19)
a5 < &y, (20)
a124 <88y, (21)
ay, < a,,a,, (22)
83, < 8358y, (23)

We note that inequality (19) is satisfied automatically for the chosen value of C, in the theorem. We also
note that that (13) = (20), (14) = (21), (15) = (22) and (16) = (23). Hence V, is a Liapunov
function with respect to E whose domain contains the region of attraction €2,, proving the theorem.

The above theorem implies that the population living in a polluted environment attains an equilibrium
level under certain conditions. The equilibrium level of the precursor pollutant is crucial in affecting the
equilibrium level of population which decreases as the equilibrium level of precursor pollutant increases. We
also note that if ¥ and h are kept at small level, then possibility of satisfying conditions (13)-(15) increases.
This implies that the stability of the system can be maintained by lowering the rate of formations of precursor
and environmental pollutants.
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4 Model With Diffusion
In this section, we consider the complete model (1)-(2) and state the main results in the form of the following
theorem.

Theorem 4.1 (i) If the equilibrium E of model (5) is globally asymptotically stable, then the corresponding
uniform steady state of the initial-boundary value problems (1)-(2) is also globally asymptotically stable.

(ii) If the equilibrium E of model (5) is unstable even then the uniform steady state of the initial-boundary
value problems (1)-(2) can be made stable by increasing diffusion coefficients to sufficiently large values.

Proof Let us consider the following positive definite function

V,(P®,QM.T®.U®) = [[ V.(P.Q,T,U)dA
where V, is given by Eq. (17).

We assume that V, is differentiable and the functions P, Q, T, U belong to the class C*(D).

Then we have,

dv, _H oV, oP 8V aQ 6Vl£+%£ dA
P ot 8Q o0 oJT ot oU ot
=1 +1,, (24)

where

| _” Ve g and 1, ”{ Nig2p,p %v T}dA. (25)

We note the following properties of V;, namely,
;] o]
oP oT ’

and for all points of D,

8N, 8N, oW, oV, oV, oV, _
oPOQ oPOT  oPOU  0QaT  oQoU  aTeu

2 2 2 2
avzl>0, aV21>O, 8\/21>O and 8V;>O.
oP 0Q oT ouU

Now we consider |, and determine the sign of each term. We utilize the following formula known as
Green’s first identity in the plane:
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”FVZG dA = jSF Zds-— H(VFVG)dA

oG . N o L . .
where 6_ is the directional derivative in the direction of the unit outward normal to 0D and S is the arc
n

length.

V.
Then with F = % and G = P we obtain

e g5 )

__”{ [ jVP}dA snce &~

OVy|_ 0V, 0P~ 0%V, 0P
oP

Now V| —— > > J
"~ OP2 ox  OP2 oy

2l (2] s

e[| 25 vep fon=

Similarly ” Vi —V?TdA<0.
ie, 1,<0. (26)

Thus we note that if 1, <0, then e =1, +1, <0. This shows that if E is globally asymptotically

stable in the absence of diffusion, then the uniform steady state of the initial-boundary value problems (1)-(2)
also must be globally asymptotically stable. This proves the first part of Theorem 4.1.

dv =
We further note that if d_tl >0,i.e.,if I, >0, then E may become unstable in the absence of diffusion.

But, Egs. (24) and (26) show that by increasing diffusion coefficients D, and D, to sufficiently large values,

The above theorem implies that diffusion with reservoir boundary conditions may stabilize a system which
is otherwise unstable.

We shall explain the above theorem for a rectangular habitat D defined by
D={(x,y):0<x<a,0<y<b} (27)
in the form of the following theorem.
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Theorem 4.2 In addition to assumptions (3) and (4), let r(U), K(T)satisfy the inequalities in (12). Let the
following inequalities hold:

2 Do2(n2 | 2 . 2002 | W2
rOng Jr05;/K0 <£ . D,P7z 2(a2 -:b ) h +aP+ D,z (;’:1 2—i—b ) 28)
K, o 9 | K(T) K,"a’b a’b
) _
a 2 r D,Pz*(a’® +b?
{p+—7K°} <=0 —L+2 7[2(2 . ) : (29)
) 3 7| K() K, a’h
2 — D,z*(a* +b?
h? <§‘337o{ho+ap+ 2 a(2b2 )} (30)
_ — D.z2(a’+b?
{6,h, + 6,6, + aP¥ <§51{h0+aP+ zﬁa(fb:b )}, (31)
where
D2 2 2
¢, = 702 f D,Px 2(a +b*%) . 32)
3y | K(T) K,“a’b?

Then the uniform steady state of the initial-boundary value problems (1)-(2) is globally asymptotically stable
with respect to all solutions initiating in the interior of the positive orthant.

Proof Let us consider the rectangular region D given by equation (27). In this case |,, which is defined in
Theorem (4.1), can be written as

Ui
oy

%V,
oT?

a
oy

=0, f[, (o) +( R @)

= )’}dA-D, [[ (

oT
() +(
OX
From Eq. (17), we obtain

oV, P 0%V,
oP? P2 oT?

) () oot (35

=1

Hence

|, <-

Now

([ on= (1,27 an ]

IAEES WWW.iaees.org



162 Computational Ecology and Software, 2015, 5(2): 152-174

X
Let z=—, then
a

2 b1 K
I1,( 2] o] 2C-P1 ey,
b\ oX agyy 0z
Now using the inequality (Denn, 1972),

j.(gzjzdx> T J‘P dx,

we obtain

oP 2 2 b1
HD[EJ dA z%ﬂ (P - P)2dzdy

2

7[
a

O e T

T(P P)? dxdy

2
T

== ij(P— P)2dA.

Similarly, ij (%)ZdAz Z—ZZHD(P —P)2dA

D,Pr?(a® +b?)
K, a’b?

D,7%(a? +b?)

Thus, |, <-
2 a’b?

ij(r—f)sz.

[[ (P—P)*dA-

Now from (18) and (24), we obtain
DlE;zz (a2 +b?)

KU) K %a’? HP—P)" ¢, (Q-Q)

2<HH

D,7%(a? +b?)
a’b?

+C,7(P=P)(Q-Q) —{r,PE(T) +aTHP-P)T -T)

—{h, +aP + HT -T)2-6,U -U)?

+{n(U)+aTHP - P)(U -U)

+{6,h, + 6,6, + aPHT —T)(U —U)]dA, (34)

where &(T) and 7(U) are defined in Eq. (18).
Now Eq. (34) can be written as the sum of the quadratics

O < [ 5bu(P—P)? +b,(P-P)Q-Q) b (Q Q)
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1 = = = 1 =
_Ebll(P_P)2+bl3(P_P)(T _T)_Ebsa(T_T)z
1 = - = 1 —,
_Ebll(P_ P) +b14(P_ P)(U _U)_Ebm(u _U)
1 — — = 1 =
_Ebzz(Q_Q)z"‘bzs(Q_Q)(T _T)_Ebss(T _T)2
1 = = 1 —
_Ebssa- _T)2 +b34(r _T)(U _U)_EbM(U _U)z}dA,
where
2_r, D,Pr?(a’+b’ 2 — D,z%(a’+b?
by, :E{K((il_')-'_ - K Z(azbz )}v b,, =70, by :g{ho +aP+—2 a(2b2 )}v b,, =9,
0

b, =C.7, by =—(r,PET)+aT), b, =nU)+aT, b, =h, b, =66 +6,h, +aP.

dv
Sufficient conditions for d_t2 to be negative definite are that the following conditions hold:

b’ <by,b,,, (35)
b <by,bs,, (36)
b, <b,b,,, 37)
b2, <b,,bs;, (38)
b2, < byb,,. (39)

We note that inequality (35) is automatically satisfied for the value of C, given in (32). We further note
(28)=>(36), (29)=(37), (30)=(38) and (31)=>(39). Hence V, is a Liapunov function with respect to E
whose domain contains the region of attraction €2, proving the theorem.

From the above theorem we note that inequalities (28)-(31) may be satisfied by increasing D, and D, to
sufficiently large values. This implies that in the case of diffusion stability is more plausible than the case of
no diffusion. Thus, in the case of diffusion the population converges towards its carrying capacity faster than
the case of no diffusion, and hence the survival of the population may be ensured.

5 Conservation Model

In the previous section, it has been noted that uncontrolled human activities that are polluting the environment
may harm itself considerably. Therefore, some kind of efforts must be adopted to stop further deterioration of
the environment. In this section a mathematical model is proposed and analysed to control the undesired level
of precursor pollutant by some mechanisms. It is assumed that the effort applied to control the precursor
pollutant is proportional to the undesired level of the precursor pollutant. Then the dynamics of the system is
assumed to be governed by the system of differential equations given below:
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2
P -2 pvep,
ot K(T)
oQ
E=7P—70Q—V1F'
a—T—h ~hT+885U —aPT +D, VT
ot Q-hT +69 arl +U, ' (40)
Y —oU + 6, T +aPT,
ot
oF
EZM(Q—QC)H(Q—QC)—%F,
0<6,,6,<1.
The above model (40) is to be analysed with following initial and boundary conditions:
P(X,¥,0) =g(x,¥) 20,Q(x, y,0) =y (X,y) 20, T(x,y,0) = £(x,y) 2 0,
U(x,y,0)=¢(x,¥) 20, F(x,y,0)=¢,(x,y) 20, (x,y) € D;
@:Q:O,(x,y)eﬁD,tzo, (41)
on on
where N is the unit outward normal to 0D. Again we assume that the functions P, Q, T, U, F belong to the
class C*(D).

In model (40), F(X,Y,t) is the density of effort applied to control the undesired level of precursor
pollutant formed by the population. r, > O is depletion rate coefficient of Q(X, y,t) due to the effort F. z
is the growth rate coefficient of F and v, its natural depreciation rate coefficient. Q. is the critical level of
precursor pollutant which is assumed to be harmless to the population. In the last equation of system (40),
H (t) denotes the unit step function which takes into account the case for which Q < Q..

6 Conservation Model Without Diffusion

In this section we take D, = D, =0 in model (40). Then model (40) has only one interior equilibrium,
namely, E*(P*,Q", T*,U",F"), where P",Q",T*,U" and F" are the positive solutions of the system
of algebraic equations given below:

rOP = r(U)K(T)v
Q= P +nmQ, _ f,(P), (say)
ViVo Tty
B ht, (P)
 h,(1-6,0,) +a(l-6,)P

= f,(P), (say)
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U =51(90h0+ap> £,(P)= £,(P), (say)
0, Q<Q.
B %(Q—Qc), Q>Q.’

As earlier, it is easy to check that E” exists if the following inequality holds at E”:
o —1'(U) 5 (P)K(f,(P)) - K'(T) £, (P)r(f,(P)) > 0. (42)

In the following theorem, it is shown that E* is locally asymptotically stable. The proof is similar to
Theorem 3.1 and hence is omitted.

Theorem 6.1 Let the following inequalities hold:

. 2
{KE’;*)K’(I'*HaT*} <gKg_*)(ho+aP*), (43)
h? < gclyo(ho +aP”), (44)
{66, +¢,(G,h, +aP™)¥ < %czél(ho +aP"), (45)
where
/o g C, = —LU*).

C,=—3——
bO3yK(TY) aTl”

Then E” is locally asymptotically stable.

In the following lemma a region of attraction for system (40) without diffusion is established. The proof of
this lemma is easy and hence is omitted.

K
Lemma 6.1 The set Q, ={(P,Q,T,U,F):0<P<K,,0<Q+T+U S%,OS F SM} is a
Vi

region of attraction for all solutions initiating in the interior of the positive orthant, where

7o >h and 6 = min{(y, —h),h,(1-6,),0,(1-6,)}.
The following theorem gives criteria for global stability of E”, whose proof is similar to Theorem 3.2 and
hence is omitted.
Theorem 6.2 In addition to the assumptions (3) and (4), let r(U) and K(T)satisfy inQ,,

0<-r'(U)<p’, K, <K(T)< K, and 0<-K'(T) <k’,
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for some positive constants p*, K and k. Let the following inequalities hold:

% 2
LTS S L T NS (46)
K: 5 9 K(T")
aK . r
p*+—°} <=8 —2—, (47)
5 3 KT

, 4 .
h <§Cl;/0(h0+aP ), (48)
(0,5, +O,h, +aP*)? < %51(ho +aP”), (49)

where C, :%.

3y°K(T")

Then E” is globally asymptotically stable with respect to all solutions initiating in the positive orthant.

Theorems (6.1) and (6.2) show that if suitable efforts are made to control the undesired level of precursor
pollutant formed by the activities of populations in the environment, the population density may be maintained
at a desired level under certain conditions.

7 Conservation Model With Diffusion

We now consider the case when D, >0 (i =1,2) in model (40). Under an analysis similar to Section 4, it can
be established that if the interior equilibrium E* of model (40) with no diffusion is globally asymptotically
stable, then the corresponding uniform steady state of system (40)-(41) is also globally asymptotically stable
with respect to solutions such that

(% ¥) >0, (X, y) >0,5(x,y) >0,5(x,y) >0,8,(x, y) >0, (x,y) € D.

Further, it should be noted that if system (40) with no diffusion is unstable even then the corresponding
uniform steady state of system (40)-(41) can be made stable by increasing diffusion coefficients to sufficiently
large values.

Thus, we conclude that diffusion in our model plays the general role of stabilizing the system.

8 Numerical Simulations

In this section, numerical simulation results are presented to illustrate the results of previous sections. Matlab
7.5 is used for numerical simulation to study the dynamical behaviour of the model system (5). Model (5) is
integrated numerically using the fourth order Runge-Kutta method. We consider the following particular form
of the function in model (5):

rll)=r,-r\u,

(50)
K(T)=K,-KT.
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The model system (5) displays stable focus for the following set of parameter values given in Eq. (51):
r, =20.0, r, =0.07, K, =60.0, K, =0.08, K, =50.0, » =0.05, y, =0.04,
h=0.30, h, =0.20, ¢, =7.0, 6, =0.01, 6, =0.02, o =0.06, (51)
with initial conditions (P,, Q,, T,,U,)=(5,5, 5, 5).

With above values of parameters, it is found that condition (6) for the existence of interior equilibrium E
is satisfied and it is given by

(P,Q,T,U)=(58.8821,73.5844, 6.0276, 3.0440). (52)

We also note that for the values of parameters given above, all conditions of Theorem (3.1) and (3.2) are

satisfied. This shows that E is locally as well as globally asymptotically stable. The time series analysis of
model system (5) is presented in Fig.1 which shows that the positive equilibrium E is a stable focus.

a0

0f 1

G0 =

al 1

i — g

Individuals

30F T 1

201 1

10 B

e

| | | | | |
0 20 40 B0 a0 100 1200 1400 160 180 200
Tirne (t)

Fig. 1 Time-series corresponding to the individuals of the model system (5) with parameter values given in Eq. (51).

To study the dynamical behaviour of the model system (5), the temporal evolution of T and U are
observed for different values of control parameters. We observe the temporal dynamics of the concentration of
pollutant T in the atmosphere formed by Q for different control parameters and found that it increases for the
increasing value of the growth rate parameter of Q due to P (i.e., ) but it is of decline nature as we increase
the value of the parameter y,, the natural depletion rate coefficient of Q. We have presented the increasing and

decreasing nature of T in Fig. 2.
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(@) (b)
Fig. 2 Temporal evolution (t vs. T) for the model system (5) with variation of parameters (a) ', (b) ¥, and other parameters
are given in Eq. (51).

We have also studied the temporal dynamics of uptake concentration of pollutant by the population due to
the variation of parameters 7, y, and o, . It is found that the uptake concentration of pollutant by population
increases if we increase the growth rate coefficient of Q due to P (i.e. ), and it decreases if we increase the
values of natural depletion rate coefficient of Q and U respectively (see Fig. 3).

(a) (b)
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450 4=70 |
— §=80

4+ _ H
&=90

38+ ___ &=1004

Uptake concentration of pollutant (L)

1 1 1 1 1
] 20 40 60 a0 100 120 140 160 180 200
Tirme (t)

(©
Fig. 3 Temporal evolution (t vs. U) for the model system (5) with variation of parameters (a) 7, (b) }, (c) 51 and other
parameters are given in Eq. (51).

Now if we compare the nature of Fig. 2 with Figs.3(a)-(b), it is found that the growth rate and the natural
depletion rate of Q have almost same impact on the dynamics of the pollutant formed by Q in the atmosphere
and on the uptake concentration of pollutant by the population.

To study the dynamical behaviour of model system (40) without diffusion, we select the same particular
form of the function as given in Eq. (50) and values of parameters are given below in Eq. (53):
r,=20.0, r,=0.07, K,=60.0, K, =0.08, y=0.05, y,=0.04,
h=0.30, h,=0.20, 6,=7.0, §,=0.01, 6,=0.02, o =0.06, (53)
r,=0.09, x =12.0, v, =0.9, Q, =0.14,

with initial conditions (R,, Q,, T,,U,, F,) =(5.0, 5.0, 5.0, 5.0, 5.0).

With above values of parameters, it is found that condition (42) for the existence of interior equilibrium
E” is satisfied and is given by

(P, Q°,T",U", F*)=(59.9511, 2.9680, 0.2390, 0.1229, 31.9893). (54)

By choosing K =50.0, we note that all conditions of Theorem (6.1) and (6.2) are satisfied. This shows
that equilibrium E'is locally as well as globally asymptotically stable. The time series of model (40) without
diffusion is presented in Fig.4 which shows that the positive equilibrium E is a stable focus.
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Fig. 4 Time-series corresponding to the individuals of the model system (40) without diffusion with parameter values given in eq.
(53).

By comparing Figs.1 and 4, we note that due to effort F, the equilibrium level of the population has
increased whereas equilibrium level of the concentration of precursor pollutant, concentration of pollutant in
the environment and population have decreased.

a0

70F B

= 5] [a2)

) [=) [
T T T

1 1 1

Density effort (F)

[N
()
T

Equilibrium paint

10f 2 4 5 6 7 ? -
T U S
1 1

5

0 1 1
1 2 3 4

Precursor population (3}

6 7

Fig. 5 Graph of F versus Q for the different initial starts for the set of parameter value given in Eqg. (53).

The phase plane analysis of the model system (40) without diffusion in the (Q, F) plane is shown in Fig. 5
which also shows that the positive equilibrium is a stable focus.

The time series analysis of F, the effort applied to control the undesired level of precursor pollutant
formed by the population is shown in Fig.6. It shows the positive and negative impact as we increase the value
of growth rate of Q due to P (i.e., ) and the depletion rate of Q due to F (i.e., I ) respectively.
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(@) (b)
Fig. 6 Temporal evolution (t vs. F) for the model system (40) without diffusion with variation of parameters (a) }, (b) I}, and
other parameters are given in Eg. (53).

The effect of different control parameters on the dynamical behaviour of the conservation model is
presented in Table 1. After varying one of the control parameter in its range, while keeping all others constant,
we monitor the changes in the dynamical behaviour of the model system, thereby fixing the regimes in which
the system exhibit either stable focus or stable limit cycle solution. We have varied the control parameters in
the following ranges:

15 <r, <53, 26<r,<49, 57<K,<149,0.01<h<0.34,3.6 <y, <125.

From Table 1, it is found that for the parameters I, in the ranges [22.0, 53.0], I, in the range [26.0, 27.0],
K, in the range [57.0, 92.0], h in the range [0.01, 0.28] and z4 in the range [3.6, 8.5], the system dynamics
converging to the stable equilibrium and for other ranges it exhibits limit cycle solution. For the lower values
of all the control parameters except for I,, the intrinsic growth rate of population, the dynamics settled on
equilibrium position and for higher values it shows the periodic nature.

9 Discussions and Conclusions
The proposed nonlinear model is analysed to study the effect of pollution on a population, which is living in an
environment polluted by its own activities. The model has been studied with and without diffusion. In the case
of no diffusion, it has been shown that population density settles down to its equilibrium level, the magnitude
of which depends upon the equilibrium levels of emission and washout rates of pollutant as well as on the rate
of precursor formation and its depletion. It has been noted that the rate of precursor formation is critical in
effecting the population. It has further been noted that if the concentration of pollutant increases unabatedly,
the survival of the population would be threatened.

In case of a model with diffusion, it has been shown that the uniform steady state of the system is
globally asymptotically stable if the corresponding steady state is globally asymptotically stable in case of
without diffusion. It has further been noted that if the positive equilibrium of the system with no diffusion is
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unstable, then the corresponding uniform steady state of the system with diffusion can be made stable by
increasing diffusion coefficients appropriately. Thus, it has been concluded that the global stability is more
plausible in the case of diffusion than the case of no diffusion. It is found that the uptake concentration of
pollutant by population increases if we increase the growth rate coefficient of Q due to P, and it decreases, if
we increase the values of natural depletion rate coefficient of Q, T and U respectively.

Table 1 Simulation experiment of model (40) without diffusion with parameter values K, =40, y=1,
7,=0.01 =03, h,=0.2, 6, =0.02, §,=0.01, 6,=7.0, =0.06, v, =0.4, and Q, =0.14 with
initial condition (P, Q,,T,,U,, F,) =(5.0,5.0,5.0,5.0,5.0) and SF: Stable Focus; SLC: Stable Limit Cycle.

Range in Dynamical outcome
Parameter varied  which
parameter

vaied  pQ) PT) (PY) PFH QT QU QP V) TH (UF

[ 15-21 SLC SLC SLC SLC SLC SLC SLC SLC SLC SLC

15<1r, <53 22-53 SF SF SF SF SF SF SF SF SF SF
K 26-27 SF SF S SF SF SF SF SF SF SF

26<r,<49 2849 SLC SLC SLC SLC SLC SLC SLC SLC SLC SLC
K, 57-92 SF SF SF SF SF SF SF SF SF SF

57<Ky,<149 93149 sLCc SLC SLC SLC SLC SLC SLC SLC SLC SLC

h 0.01-0.28 SF SF SF SF SF SF SF SF SF SF

0.01<h<034 9034 sic sLC SLC SLC SLC SLC SLC SLC SLC SLC

m 3.6-8.5 SF SF SF SF SF SF SF SF SF SF

36<4<125 90125 sLCc SLC SLC SLC SLC SLC SLC SLC SLC SLC

In case of conservation model, it has been shown that if the rate of formation of the precursor pollutant is
controlled by some external means, its effect on the population can be minimised. All the above results in the
absence of diffusion are well supported by computer simulations as explained in Section 8. It is also found that
the system dynamics converging to the stable equilibrium for lower values of all the control parameters except
for the intrinsic growth rate parameter r, of the population and for the higher values it exhibit the limit cycle
solution.

From this study, it can be concluded that the uncontrolled human activities that polluting the environment
may be harmful to itself. Therefore some kind of efforts must be adopted to control the further deterioration of
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the environment. This study also gives some idea about how to prevent the biological species living in an
environment polluted by its own activity and to develop the model related to socio-ecological problems and
about its solution.
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