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Abstract 

We explore thelocal dynamical properties and supercritical N-S bifurcation of the following Beddington model 

with Allee effect in Թା
ଶ : 

௧ାଵݔ ൌ ௧݁ݔ
ሺଵି௫ሻି௬, ௧ାଵݕ  ൌ ௧ሺ1ݔ݉ െ ݁ି௬ሻ

௧ݕ
ܤ  ௧ݕ

, 

where ݔ௧ (respectively ݕ௧) denotes densities of host (respectively parasitoid) at time ݎ ,ݐ and ݉ respectively 

denotes number of eggs laid by host and parasitoid which survive through larvae, pupae, and adult stages, and 

 is constant. More specifically, we explored that model has three equilibria namely the trivial, boundary and ܤ

positive equilibrium point. We studied the local dynamics along with topological classification about equilibria 

of the under consideration model. We also explored the existence of bifurcation about equilibria of the model. 

It is proved about boundary equilibrium point parasitoidgoes to extinction whilehost population undergoes a 

flip bifurcation to chaos by taking ݎ as bifurcation parameter. It is explored that aboutpositive equilibrium 

point, model undergoes N-S bifurcation and in meantime invariant closed curve appears. In the perspective of 

the biology, these curves correspond to periodic or quasi-periodic oscillations between host and parasitoid 

populations. Finally theoretical results are verified numerically. 

 

Keywords Beddington model; stability and bifurcation; Allee effect; numerical simulation. 

 

 

 

 

 

 

 

 

1 Introduction 

Recently dynamics and bifurcation analysis of two-species models are widely explored (Beddington et al., 

1975; Ufuktepe et al., 2015; Cao et al., 2013; Hu et al., 2011; Chen et al., 2013; Khan et al., 2017; 

Guckenheimer and Holmes, 1983; Kuznetsov, 2004) and reference cited therein. For instance, Beddington et al. 

(1975) have investigated the following discrete-time two species model: 
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௧ାଵݔ ൌ ௧݁ݔ
ቀଵି

ೣ
಼
ቁି௬

௧ାଵݕ ൌ ௧ሺ1ݔܿ െ ݁ି௬ሻ
ቋ,                                                         (1) 

 

with carrying capacity is  ܭ. Ufuktepe et al. (2015) have explored the local dynamicsabout equilibria of the 

following Beddington model subject to Allee effect on the parasitoid population: 

௧ାଵݔ ൌ ௧݁ݔ
ሺଵି௫ሻି௬

௧ାଵݕ ൌ ௧ሺ1ݔ݉ െ ݁ି௬ሻ
௬

ା௬

ൡ.                       (2) 

More precisely Ufuktepe et al. (2015) have proved that for all ݎ,݉,  model (2) has trivial and boundary ,ܤ

equilibria, and also has the positive equilibria under restrictions to the parameters. Further Ufuktepe  et al. 

(2015) have explored local dynamics, stable and unstable manifolds for boundary equilibria of the Beddington 

model, which is depicted in (2). 

Here our purpose in this article is to explore the topological classification about trivial, boundary and 

positive equilibrium of model (2). We also explore the necessary and sufficient condition (s) under which 

positive equilibrium of (2) is a sink, repeller, saddle and non-hyperbolic. Further we explore Flip bifurcation 

about boundary equilibrium point, and N-S bifurcation if parameter ݉ vary in the neighborhood of positive 

equilibrium point. 

We arrange the rest of article as follows: Section 2 is about the local dynamical properties along with 

topological classification about equilibria of (2).In Section 3, we explore the existence of bifurcations about 

trivial, boundary and positive equilibrium of the model (2). Section 4 deals with the study of Flip bifurcation 

about boundary equilibrium point and N-S bifurcation about positive equilibrium point. Theoretical results are 

verified numerically in Section 5. Brief summary is given in Section 6. 

 

2 Local Dynamical Properties About Equilibria: ࡻሺ, ሻ, ,ሺ ሻ and ൫ࣂ, ሺ࢘ െ  ሻ൯of Model (2)ࣂ

In this Section, we explore local dynamical properties about ሺ0,0ሻ, ,ߠ൫ܤ ሺ1,0ሻ andܣ ሺ1ݎ െ  .ሻ൯ of model (2)ߠ

From Theorem 2.1 of Ufuktepe et al. (2015), first we summarize existence result about equilibria in Թା
ଶ  as 

follows: 

Lemma 2.1. In Թା
ଶ , model (2) has trivial, boundary and positive equilibria. Precisely 

(i) ݎ ,݉ and ܤ, model (2) has trial and boundary equilibria: ܱሺ0,0ሻ,  ;ሺ1,0ሻܣ

(ii) Suppose that 

ሻݔሺܨ ൌ െݎ  ሺݎ  ݉ሻݔ െ݉ି݁ݔሺଵି௫ሻ,(3) 

and 

ߠ ൌ
ሺାሻ√ା√ାඥସାሺସାାሻ

ଶ√ሺାሻ
,(4) 

then the following statements hold: 

(ii.1) Model (2) has one positive equilibrium point  ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ if and only ifߠ

݉  1,               (5) 

and  

B ൌ Fሺθሻ,                                                              (6) 

where 

0 ൏ θ ൏ 1;                             (7) 

(ii.2) Model (2) has two positive equilibria  ܥ൫݈, ሺ1ݎ െ ݈ሻ൯ if and only if (5) and following inequality 

hold: 

B ൏  ሻ,                                                              (8)ߠሺܨ
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where 

0 ൏ l ൏ 1.      (9) 

Hereafter local dynamical properties withtopological classification about ܱሺ0,0ሻ, ,ߠ൫ܤ ሺ1,0ሻ andܣ ሺ1ݎ െ  ሻ൯ߠ
is explored. Note that the Jacobin matrix ܬሺ௫,௬ሻ about  ሺݔ,  ሻ of the model (2) isݕ

ሺ௫,௬ሻܬ ൌ ቌ
ሺ1 െ ሻ݁ሺଵି௫ሻି௬ݔݎ െ݁ݔሺଵି௫ሻି௬

௬ሺଵିషሻ

ା௬

௫షቀ௬మାሺିଵା௬ାሻቁ

ሺା௬ሻమ

ቍ.(10) 

Moreover the characteristic equation of  ܬሺ௫,௬ሻ about ሺݔ,  ሻ isݕ

ଶߣ െ ߣ  ݍ ൌ 0,(11) 

where 

 ൌ ሺ௫,௬ሻܬ ݁ܿܽݎݐ

 ൌ   ሺ1 െ ሻ݁ሺଵି௫ሻି௬ݔݎ 
௫షቀ௬మାሺିଵା௬ାሻቁ

ሺା௬ሻమ

ݍ ൌ det ሺ௫,௬ሻܬ

    ൌ
௫ሺଵି௫ሻቀ௬మାሺିଵା௬ାሻቁೝሺభషೣሻషమ

ሺା௬ሻమ
 

௫௬ሺଵିషሻೝሺభషೣሻష

ା௬ ۙ
ۖۖ
ۘ

ۖۖ
ۗ

.(12) 

In the following two Lemmas, we will state the dynamics about ܱሺ0,0ሻ and ܣሺ1,0) of model (2).  

Lemma 2.2.For ܱሺ0,0ሻ one has 

(i) ܱሺ0,0ሻ is never sink; 

(ii) ܱሺ0,0ሻ is a saddle; 

(iii) ܱ ሺ0,0ሻ is never source; 

(iv) ܱሺ0,0ሻ is never non-hyperbolic. 

Lemma 2.3. For ܣሺ1,0) one has 

(i) ܣሺ1,0) is a sink if 0 ൏ ݎ ൏ 2; 

(ii) ܣሺ1,0) is never source; 

(iii) ܣሺ1,0) is a saddle if ݎ  2; 

(iv) ܣሺ1,0) is a non-hyperbolic if ݎ ൌ 2. 

Now we will only study the local dynamics about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯of the model (2) in the case if (5), (6) and (7)ߠ

hold. The characteristic equation of  ܬ൫ఏ,ሺଵିఏሻ൯ሻ about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) is given byߠ

ଶߣ െ ,ߠ൫ ሺ1ݎ െ ߣሻ൯ߠ  ,ߠ൫ݍ ሺ1ݎ െ ሻ൯ߠ ൌ 0,                                         (13) 

where 

 ൌ 1 െ ߠݎ 
ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ

ఏ൫ଵିషೝሺభషഇሻ൯

ݍ ൌ
ሺଵିఏሻ൫ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ൯

ఏ൫ଵିషೝሺభషഇሻ൯
 ሺ1ݎ െ ሻߠ

ൢ.            (14) 

Hereafter by utilizing Theorem 1.1.1 of Kulenovic and Ladas (2003), we will only state condition(s) for 

equilibrium ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) to be locally asymptotically stable(sink), repeller, saddle andߠ

non-hyperbolic.  

Lemma 2.4. For ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2), one hasߠ

(i) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) is sink ifߠ

0 ൏ ݉ ൏ min ൜
మሺଵିఏሻ

ଶିାఏାሺିଶାିఏାమఏିమఏమሻషೝሺభషഇሻ
,

ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
ൠ,(15) 

and  

17



Computational Ecology and Software, 2020, 10(1): 15-43 

 IAEES                                                                                     www.iaees.org

݉ 
ሺଵିఏሻሺଵିఏሻ

ఏ൫ଶାିଶఏାሺିଶାఏିమఏାమఏమሻషೝሺభషഇሻ൯
;       (16) 

(ii) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) is a repeller ifߠ

ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
൏ ݉ ൏

ሺଵିఏሻሺଵିఏሻ

ఏ൫ଶାିଶఏାሺିଶାఏିమఏାమఏమሻషೝሺభషഇሻ൯
;(17) 

(iii) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) is a saddle ifߠ

ቆ1 െ ߠݎ 
െݎ  ߠݎ  ߠ݉ െ݉ߠሺ1 െ ݎ  ሻ݁ିሺଵିఏሻߠݎ

ሺ1ߠ݉ െ ݁ିሺଵିఏሻሻ
ቇ
ଶ

 

4 ൬
ሺଵିఏሻ൫ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ൯

ఏ൫ଵିషೝሺభషഇሻ൯
 ሺ1ݎ െ ሻ൰ߠ  0,  (18) 

and  

݉ ൏
ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
; (19) 

(iv) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of the model (2) is a non-hyperbolic ifߠ

݉ ൌ
ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
 , (20) 

or 

݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ଶାିଶఏାሺିଶାఏିమఏାమఏమሻషೝሺభషഇሻ൯
,                         (21) 

and 

݉ 
ሺଵିఏሻ

ఏ൫ଶିఏାሺିଶିାଶఏሻషೝሺభషഇሻ൯
.              (22) 

In the rest of the section, we explore the topological classification about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of (2). Note that rootsߠ

of the characteristic equations of  ܬ൫ఏ,ሺଵିఏሻ൯ about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ areߠ

ଵ,ଶߣ ൌ
ିേ√∆

ଶ
,                              (23) 

where  

∆ൌ ଶ െ  ,ݍ4

ൌ ൬1 െ ߠݎ 
ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ

ఏ൫ଵିషೝሺభషഇሻ൯
൰
ଶ

െ 4൭
ሺଵିఏሻ൫ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ൯

ఏ൫ଵିషೝሺభషഇሻ൯


ሺ1ݎ െ ሻߠ
൱.    (24) 

Now in the following two Lemmas, we will further classifying dynamics of (2) about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ߠ

according to sign of discriminant ∆. 

Lemma 2.5. If  ∆ 0 then for ܤ൫ߠ, ሺ1ݎ െ  ሻ൯, one hasߠ

(i) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ is locally asymptotically stable node ifߠ

0 ൏ ݉ ൏
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
;               (25) 

(ii) ܤ൫ߠ, ሺ1ݎ െ   ሻ൯ is unstable node ifߠ

݉ 
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
;(26) 

(iii) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ is a non-hyperbolic ifߠ

݉ ൌ
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
.                              (27) 
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Lemma 2.6. If  ∆൏ 0 then for ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ one hasߠ

(i) ܤ൫ߠ, ሺ1ݎ െ   ሻ൯ is locally asymptotically stable focus ifߠ

0 ൏ ݉ ൏
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
;                   (28) 

(ii) ܤ൫ߠ, ሺ1ݎ െ   ሻ൯ is unstable focus ifߠ

݉ 
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
;                     (29) 

(iii) ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ is non-hyperbolic ifߠ

݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
.                                      (30) 

 

3 Existence of Bifurcations 

Based on above theoretical discussion, the existence of bifurcations about ܱሺ0,0ሻ, ,ߠ൫ܤ ሺ1,0ሻ andܣ ሺ1ݎ െ

 ሻ൯ is explored in this Section. From Lemmas 2.2-2.3 and 2.5-2.6, one can conclude about the existence ofߠ

bifurcations as follows:  

(i) From Lemma 2.2, ܱሺ0,0ሻ is never non-hyperbolic and so no bifurcation exists about this 

equilibrium. 

(ii) From Lemma 2.3, one can observe that ܬሺଵ,ሻ  has one eigenvalue equal to െ1 but other is not 

equal to 1 or െ1 if ݎ ൌ 2. Hence flip bifurcation exist about ܣሺ1,0ሻ and we can write the non-

hyperbolic condition as follows: 

ሺଵ,ሻܨ ൌ ሼሺݎ,݉ሻ: ݎ ൌ 2, ݉,ݎ  0ሽ.                             (31) 

(iii) From Lemma 2.5, if  ݉ ൌ
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
 then none of the real 

eigenvalues of ܬ൫ఏ,ሺଵିఏሻ൯  about ܤ൫ߠ, ሺ1ݎ െ ሻ൯ߠ  is -1. So no Flip bifurcation exists 

about ܤ൫ߠ, ሺ1ݎ െ  .ሻ൯ߠ

(iv) From Lemma 2.6, if ݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
 then eigenvalues of ܬ൫ఏ,ሺଵିఏሻ൯ about 

,ߠ൫ܤ ሺ1ݎ െ  ሻ൯ are complex conjugates having modulus 1. So, there exist a N-S bifurcationߠ

when ݉ varies in a neighborhood of ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ and we can also rewrite the non-hyperbolicߠ

condition as follows: 

ܰ൫ఏ,ሺଵିఏሻ൯ ൌ ൝
ሺݎ,݉, ሻ: ∆൏ߠ 0  and  ݉ ൌ

ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
,

݉,ݎ  0, 0 ൏ ߠ ൏ 1
ൡ.     (32) 

 

4 Bifurcations Analysis  

The detail analysis regarding flip bifurcation about ܣሺ1,0ሻ and N-S bifurcation aboutܤ൫ߠ, ሺ1ݎ െ  ሻ൯ofߠ

system (2) are given in this Section. First we will study the flip bifurcation about ܣሺ1,0ሻ as follows: Recall 

Lemma 2.3, we can see that ܬሺଵ,ሻ  has one eigenvalue equal to െ1 but other is not equal to 1 or െ1, when 

the parameters of the model (2) satisfying (31). So, about ܣሺ1,0ሻ model undergoes flip bifurcation if 

parameters of model (2) go through ܨሺଵ,ሻ. If ሺݎ,݉ሻ א ݕ ሺଵ,ሻ then its center manifold isܨ ൌ 0 and thus (2) 

becomes 

௧ାଵݔ ൌ ௧݁ݔ
ሺଵି௫ሻ.             (33) 

This indicates that parasitoid goes to extinction while host population undergoes a flip bifurcation to chaos by 
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takingݎ as bifurcation parameter. 

Hereafter N-S bifurcation is explored about ,ߠ൫ܤ  ሺ1ݎ െ ሻ൯ߠ  when ሺݎ,݉, ሻߠ א ܰ൫ఏ,ሺଵିఏሻ൯ . By 

considering ݉ in the neighborhood of݉כ, ݅. ݁., ݉ ൌ כ݉  |ߝ| where ߝ ا 1 then model (2) becomes: 

௧ାଵݔ ൌ ௧݁ݔ
ሺଵି௫ሻି௬

௧ାଵݕ ൌ ሺ݉כ  ௧ሺ1ݔሻߝ െ ݁ି௬ሻ
௬

ା௬

ൡ.         (34) 

The auxiliary equation of ܬ൫ఏ,ሺଵିఏሻ൯ about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ of (34) is given byߠ

ଶߢ െ ߢሻߝሺ  ሻߝሺݍ ൌ 0,      (35) 

with 

ሻߝሺ ൌ 1 െ ߠݎ 
ିାఏାሺכାఌሻఏିሺכାఌሻఏሺଵିାఏሻషೝሺభషഇሻ

ሺכାఌሻఏ൫ଵିషೝሺభషഇሻ൯

ሻߝሺݍ ൌ
ሺଵିఏሻ൫ିାఏାሺכାఌሻఏିሺכାఌሻఏሺଵିାఏሻషೝሺభషഇሻ൯

ሺכାఌሻఏ൫ଵିషೝሺభషഇሻ൯
 ሺ1ݎ െ ሻߠ

ൢ.  (36) 

The roots of auxiliary equations of ܬሺ,ሺଵିሻሻ about ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ areߠ

 

ଵ,ଶߢ ൌ
ሻߝሺ േ ሻߝሺݍඥ4ߡ െ ሻߝଶሺ

2
, 

ൌ
ଵିఏ

ଶ


ିାఏାሺכାఌሻఏିሺכାఌሻఏሺଵିାఏሻషೝሺభషഇሻ

ଶሺכାఌሻఏ൫ଵିషೝሺభషഇሻ൯
േ ߡ √

Ω

ଶ
,                                     (37) 

where 

Ω ൌ

      4 ൬
ሺଵିఏሻ൫ିାఏାሺכାఌሻఏିሺכାఌሻఏሺଵିାఏሻషೝሺభషഇሻ൯

ሺכାఌሻఏ൫ଵିషೝሺభషഇሻ൯
 ሺ1ݎ െ ሻ൰ߠ െ

൬1 െ ߠݎ 
ିାఏାሺכାఌሻఏିሺכାఌሻఏሺଵିାఏሻషೝሺభషഇሻ

ሺכାఌሻఏ൫ଵିషೝሺభషഇሻ൯
൰
ଶ

.             (38) 

and 

หߢଵ,ଶห ൌ ඥݍሺߝሻ ,   
ௗหభ,మห

ௗఌ
|ఌୀ ൌ

ሺଵିఏሻሺଵିఏሻ

ଶכమఏ൫ଵିషೝሺభషഇሻ൯
് 0. (39) 

Additionally it is required that when ߝ ൌ 0, ଵ,ଶߢ
 ് 1, ݊ ൌ 1,2,3,4, which is equivalent to ሺ0ሻ ് െ2,0,1,2. 

Because ሺ0ሻଶ െ ሺ0ሻݍ4 ൏ 0 and ݍሺ0ሻ ൌ 1.  Thus  ሺ0ሻଶ ൏ 4 and hence ሺ0ሻ ് േ2. So we only need to 

require that  ሺ0ሻ ് 0,1. By computation one gets 

ݎ ് 2 െ ߠݎ  ଶ,   1ߠଶݎ   ଶ.                      (40)ߠଶݎ

Let ݑ௧  ൌ ௧ݔ െ ,כݔ ௧ݒ ൌ ௧ݕ െ ,ߠ൫ܤ then transforming equilibrium כݕ ሺ1ݎ െ כݔ ሻ൯to ܱሺ0,0ሻ whereߠ ൌ ,ߠ כݕ ൌ

ሺ1ݎ െ  ሻ. By calculating one getsߠ

௧ାଵݑ ൌ ሺݑ௧  ሻ݁భሺଵି௨ି௫כݔ
כሻି௩ି௬כ െ כݔ

௧ାଵݒ ൌ ሺ݉כ  ௧ݑሻሺߝ  ሻ൫1כݔ െ ݁ି௩ି௬
כ
൯

௩ା௬כ

ା௩ା௬כ
െ כݕ

ൡ.(41) 

Hereafter normal form of (41) is studied when ߝ ൌ 0. Expanding (41) as a Taylor series up to third-order 

about ሺݑ௧, ௧ሻݒ ൌ ሺ0,0ሻ one gets: 

௧ାଵݑ ൌ ݉ଵଵݑ௧  ݉ଵଶݒ௧  ݉ଵଷݑ௧
ଶ  ݉ଵସݑ௧ݒ௧  ݉ଵହݒ௧

ଶ  ݉ଵݑ௧
ଷ  ݉ଵݑ௧

ଶݒ௧ 
݉ଵ଼ݑ௧ݒ௧

ଶ  ݉ଵଽݒ௧
ଷ  |௧ݑ|ሺሺ  ௧|ሻଷሻݒ|

௧ାଵݒ ൌ ݉ଶଵݑ௧  ݉ଶଶݒ௧  ݉ଶଷݑ௧ݒ௧  ݉ଶସݒ௧
ଶ  ݉ଶହݑ௧ݒ௧

ଶ  ݉ଶݒ௧
ଷ                  

|௧ݑ|ሺሺ  ௧|ሻଷሻݒ| ۙ
ۖ
ۘ

ۖ
ۗ

,  (42) 
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where 

݉ଵଵ ൌ 1 െ ଵଶ݉    ,כݔݎ ൌ െכݔ,     ݉ଵଷ ൌ െ
ିሺଶି௫כሻ

ଶ
  , ݉ଵସ ൌ כݔݎ െ 1,݉ଵହ ൌ ,כݔ

݉ଵ ൌ
మሺଷି௫כሻ


,   ݉ଵ ൌ

ሺଶି௫כሻ

ଶ
,    ݉ଵ଼ ൌ

ଵି௫כ

ଶ
,      ݉ଵଽ ൌ

ି௫כ


,                            

݉ଶଵ ൌ ൫1כ݉ െ ݁ି௬
כ
൯

௬כ

ା௬כ
,    ݉ଶଶ ൌ כݔכ݉ ቆ

ቀଵିష
כ
ቁ

ሺା௬כሻమ


௬כష
כ

ା௬כ
ቇ,                            

݉ଶଷ ൌ כ݉ ቆ
ቀଵିష

כ
ቁ

ሺା௬כሻమ


௬כష
כ

ା௬כ
ቇ,                                                                                          

݉ଶସ ൌ
ଵ

ଶ
כݔכ݉ ቆ

ଶష
כ

ሺା௬כሻమ
െ

ଶቀଵିష
כ
ቁ

ሺା௬כሻయ
െ

௬כష
כ

ା௬כ
ቇ,                                                             

݉ଶହ ൌ
ଵ

ଶ
כ݉ ቆ

ଶష
כ

ሺା௬כሻమ
െ

ଶቀଵିష
כ
ቁ

ሺା௬כሻయ
െ

௬כష
כ

ା௬כ
ቇ,                                                                 

݉ଶ ൌ
ଵ


כݔכ݉ ቆ

ିଷష
כ

ሺା௬כሻమ
െ

ష
כ

ሺା௬כሻయ


ቀଵିష
כ
ቁ

ሺା௬כሻర


௬כష
כ

ା௬כ
ቇ.                                        

ۙ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۗ

.(43) 

Now let 

ߟ ൌ
ଵିఏ

ଶ


ିାఏାכఏିכఏሺଵିାఏሻషೝሺభషഇሻ

ଶכఏ൫ଵିషೝሺభషഇሻ൯
,                                          (44) 

and 

ߦ ൌ √Ω

ଶ
.                             (45) 

And an invertible matrix T defined by 

ܶ ൌ ൬
݉ଵଶ 0

ߟ െ ݉ଵଵ െߦ൰.                                                      (46) 

By computing ܶିଵ one gets: 

ܶିଵ ൌ ቌ

ଵ

భమ
0

ఎିభభ

కభమ

ିଵ

క

ቍ.                                                     (47) 

Using following transformation 

ቀ
௧ݑ
௧ݒ
ቁ ൌ ൬

݉ଵଶ 0
ߟ െ ݉ଵଵ െߦ൰ ൬

ܺ௧
௧ܻ
൰,                                              (48) 

equation (42) gives 

൬
ܺ௧ାଵ
௧ܻାଵ

൰ ൌ ൬
ߟ െߦ
ߦ ߟ ൰ ൬

ܺ௧
௧ܻ
൰  ൬

,ሺܺ௧ܩ ௧ܻሻ
,ሺܺ௧ܪ ௧ܻሻ

൰,                     (49) 

where 

,ሺܺ௧ܩ ௧ܻሻ ൌ ݈ଵଵܺ௧
ଶ  ݈ଵଶܺ௧ ௧ܻ  ݈ଵଷ ௧ܻ

ଶ  ݈ଵସܺ௧
ଷ  ݈ଵହܺ௧

ଶ
௧ܻ  ݈ଵܺ௧ ௧ܻ

ଶ  ݈ଵ ௧ܻ
ଷ 

|௧ݑ|ሺሺ  ௧|ሻଷሻݒ|
,ሺܺ௧ܪ ௧ܻሻ ൌ ݈ଶଵܺ௧

ଶ  ݈ଶଶܺ௧ ௧ܻ  ݈ଶଷ ௧ܻ
ଶ  ݈ଶସܺ௧

ଷ  ݈ଶହܺ௧
ଶ

௧ܻ  ݈ଶܺ௧ ௧ܻ
ଶ  ݈ଶ ௧ܻ

ଷ 
|௧ݑ|ሺሺ  ௧|ሻଷሻݒ| ۙ

ۖ
ۘ

ۖ
ۗ

,    (50) 

and 
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݈ଵଵ ൌ ݉ଵଶ݉ଵଷ  ሺߟ െ ݉ଵଵሻ݉ଵସ 
భఱ

భమ
ሺߟ െ ݉ଵଵሻଶ, ݈ଵଶ ൌ െߦ ቀ݉ଵସ 

ଶሺఎିభభሻభఱ

భమ
ቁ,        

݈ଵଷ ൌ
కమభఱ

భమ
, ݈ଵସ ൌ ݉ଵ݉ଵଶ

ଶ  ݉ଵଶ݉ଵሺߟ െ ݉ଵଵሻ  ݉ଵ଼ሺߟ െ ݉ଵଵሻଶ 
భవ

భమ
ሺߟ െ ݉ଵଵሻଷ

݈ଵହ ൌ െߦ ቀ݉ଵଶ݉ଵ  2݉ଵ଼ሺߟ െ ݉ଵଵሻ  3
ሺఎିభభሻమభవ

భమ
ቁ,                                                        

݈ଵ ൌ ଶߦ ቀ݉ଵ଼ 
ଷభవሺఎିభభሻ

భమ
ቁ , ݈ଵ ൌ െ

కయభవ

భమ
,                                                                             

݈ଶଵ ൌ
ఎିభభ

క
ቀ݉ଵଶ݉ଵଷ  ሺߟ െ ݉ଵଵሻ݉ଵସ 

ሺఎିభభሻమ

భమ
݉ଵହ  ݉ଵଶ݉ଶଷ െ ሺߟ െ ݉ଵଵሻ݉ଶସቁ,   

݈ଶଶ ൌ െሺߟ െ ݉ଵଵሻ݉ଵସ െ
ଶሺఎିభభሻమ

భమ
݉ଵହ  ݉ଵଶ݉ଶଷ  2݉ଶସሺߟ െ ݉ଵଵሻ,                                

݈ଶଷ ൌ
కሺఎିభభሻ

భమ
݉ଵହ െ                                                                                                              ,ଶସ݉ߦ

݈ଶସ ൌ
ఎିభభ

క
൭
݉ଵ݉ଵଶ

ଶ  ሺߟ െ݉ଵଵሻ݉ଵଶሺ݉ଵ െ ݉ଶହሻ  ሺߟ െ ݉ଵଵሻଶሺ݉ଵ଼ െ ݉ଶሻ 
ሺఎିభభሻయ

భమ
݉ଵଽ

൱ ,

݈ଶହ ൌ ሺߟ െ ݉ଵଵሻ ൭
െ݉ଵଶ݉ଵ െ 2ሺߟ െ ݉ଵଵሻ݉ଵ଼ െ

ଷሺఎିభభሻమ

భమ
݉ଵଽ  2݉ଵଶ݉ଶହ 

3ሺߟ െ ݉ଵଵሻ݉ଶ

൱,          

݈ଶ ൌ ߦ ቆሺߟ െ ݉ଵଵሻ݉ଵ଼ 
ଷሺఎିభభሻమ

భమ
݉ଵଽ െ ݉ଵଶ݉ଶହ െ 3ሺߟ െ ݉ଵଵሻ݉ଶହቇ,                           

݈ଶ ൌ ଶߦ ቀ݉ଶ െ
ఎିభభ

భమ
݉ଵଽቁ,                                                                                                          ۙ

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۗ

.(51) 

In addition,  

|ሺ,ሻܩ ൌ 2݈ଵଵ, |ሺ,ሻܩ ൌ ݈ଵଶ, |ሺ,ሻܩ ൌ 2݈ଵଷ, |ሺ,ሻܩ ൌ 6݈ଵସ, |ሺ,ሻܩ ൌ 2݈ଵହ.
|ሺ,ሻܩ ൌ 2݈ଵ, |ሺ,ሻܩ ൌ 6݈ଵ, |ሺ,ሻܪ ൌ 2݈ଶଵ, |ሺ,ሻܪ ൌ ݈ଶଶ, |ሺ,ሻܪ ൌ 2݈ଶଷ

|ሺ,ሻܪ ൌ 6݈ଶସ, |ሺ,ሻܪ ൌ 2݈ଶହ, |ሺ,ሻܪ ൌ 2݈ଶ, |ሺ,ሻܪ ൌ 6݈ଶ
ቑ.(52) 

Now it is required that Ψ ് 0, if (49) undergo N-S bifurcation (see Cao et al., 2013; Huet al., 2011; Chen et al., 

2013; Khan et al., 2017; Guckenheimer and Holmes, 1983; Kuznetsov, 2004): 

Ψ ൌ െܴ݁ ቀ
ሺଵିଶഥሻഥమ

ଵି
߬ଵଵ߬ଶቁ െ

ଵ

ଶ
ԡ߬ଵଵԡଶ െ ԡ߬ଶԡଶ  ܴ݁ሺߢҧ߬ଶଵሻ, (53) 

where 

߬ଶ ൌ
ଵ

଼
ܩൣ െ ܩ  ܪ2  ܪ൫ߡ െ ܪ  ൯൧หሺ,ሻܩ2

߬ଵଵ ൌ
ଵ

ସ
ܩൣ  ܩ  ܪ൫ߡ  ൯൧หሺ,ሻܪ

߬ଶ ൌ
ଵ

଼
ܩൣ െ ܩ  ܪ2  ܪ൫ߡ െ ܪ െ ൯൧หሺ,ሻܩ2

߬ଶଵ ൌ
ଵ

ଵ
ቈ
ܩ  ܩ  ܪ  ܪ 

ܪ൫ߡ  ܪ െ ܩ െ ൯ܩ
ቤ
ሺ,ሻ ۙ

ۖ
ۖ
ۘ

ۖ
ۖ
ۗ

.(54) 

By calculating one gets 

߬ଶ ൌ
ଵ

ସ
ሾ݈ଵଵ െ ݈ଵଷ  ݈ଶଶ  ሺ݈ଶଵߡ െ ݈ଶଷ  ݈ଵଶሻሿ

߬ଵଵ ൌ
ଵ

ଶ
ሾ݈ଵଵ  ݈ଵଷ  ሺ݈ଶଵߡ  ݈ଶଷሻሿ

߬ଶ ൌ
ଵ

ସ
ሾ݈ଵଵ െ ݈ଵଷ  ݈ଶଶ  ሺ݈ଶଵߡ െ ݈ଶଷ െ ݈ଵଶሻሿ

߬ଶଵ ൌ
ଵ

଼

3݈ଵସ  3݈ଵ  ݈ଶହ  3݈ଶ 
ሺ3݈ଶସߡ  ݈ଶ െ ݈ଵହ െ 3݈ଵሻ

൨
ۙ
ۖۖ
ۘ

ۖۖ
ۗ

.  (55) 

By bifurcation theory given Guckenheimer and Holmes (1983); Kuznetsov (2004), one has the following result: 

Theorem 4.1. If  Ψ ് 0 then model (2) undergoes N-S bifurcation about ܤ൫ߠ, ሺ1ݎ െ  ݉ ሻ൯ as parametersߠ

goes through  ܰሺఏ,ሺଵିఏሻሻ. Additionally attracting (respectively repelling) close invariant curve bifurcates from 
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,ߠሺܤ ሺ1ݎ െ ሻሻ  if Ψߠ ൏ 0  (respectively Ψ  0). 

 

5 Numerical Simulations 

Here we will provide simulations in order to verify obtained results. Fixing parameters ݎ ൌ 0.8, ݈ ൌ 0.41 then 

from (iii) of Lemma 2.6 one gets ݉ ൌ 3.0696247901516025. From theoretical point of view equilibrium 

,ߠ൫ܤ ሺ1ݎ െ ݉ ሻ൯ of (2) is locally asymptotically sable focus ifߠ ൏ 3.0696247901516025. For example if 

݉ ൌ 1.9 ൏ 3.0696247901516025 then it is clear from Fig. 1A that ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ is locally asymptoticallyߠ

focus. Similarly for chosen bifurcation values, if ݉ ൌ 1.9 ൏ 3.0696247901516025 then one can easily see 

that ܤ൫݈, ሺ1ݎ െ ݈ሻ൯ is locally asymptotically sable focus (see Fig. 1B-N). But if ݉  3.0696247901516025 

then ܤሺߠ, ሺ1ݎ െ  ሻሻ is unstable focus and meanwhile stable invariant close curves appear. The appearance ofߠ

these curve implies that (2) undergoes a supercritical N-S bifurcation if   ݉  varies in neighborhood 

of ܤ൫ߠ, ሺ1ݎ െ  ሻ൯ (see Fig. 2A-N). Moreover bifurcation diagrams along with Maximum Lyapunov Exponentߠ

are presented in Fig. 3. Finally, bifurcation diagrams in 3ܦ are presented in Fig. 4. 

 

 

 
(A) ݉ ൌ 1.9 with ሺ0.4,0.09ሻ 
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   (B) ݉ ൌ 1.978987 with ሺ0.54,0.09ሻ 

 

(C) ݉ ൌ 2.1 with ሺ0.74,0.09ሻ 
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(D) ݉ ൌ 2.43 with ሺ0.04,0.09ሻ  

 

(E) ݉ ൌ 2.47 with ሺ0.4,0.09ሻ 
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(F) ݉ ൌ 2.479  with ሺ0.4,0.39ሻ 

 

(G) ݉ ൌ 2.5 with ሺ0.54,0.9ሻ 
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(H) ݉ ൌ 2.587 with ሺ0.54,0.09ሻ 

 

(I) ݉ ൌ 2.587987 with ሺ0.9,0.000009ሻ 
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(J) ݉ ൌ 2.6 with ሺ0.4,2.9ሻ 

 
(K) ݉ ൌ 2.6 with ሺ0.72,0.9ሻ 
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(L) ݉ ൌ 2.676 with ሺ0.2,0.9ሻ 

 

(M) ݉ ൌ 2.676987 with ሺ0.2,0.09ሻ 
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(N) ݉ ൌ 2.71 with ሺ0.6,0.92ሻ 

Fig. 1 Phase portraits for model (2). 

 

(A) ݉ ൌ 3.1 with ሺ0.9987,0.02ሻ 
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(B) ݉ ൌ 3.1 with ሺ0.1,0.2ሻ 

 
(C) ݉ ൌ 3.102 with ሺ0.79,0.002ሻ 
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(D) ݉ ൌ 3.13  with ሺ0.97,1.92ሻ 

 
(E) ݉ ൌ 3.139  with ሺ1.7,0.92ሻ 
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(F) ݉ ൌ 3.2  with ሺ0.07,0.2ሻ 

(G) 

(G) ݉ ൌ 3.276  with ሺ0.4,0.4ሻ 
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(H) ݉ ൌ 3.277 with ሺ0.5, 0.4ሻ 

(I) ݉ ൌ 3.2769 with ሺ0.5,0.4ሻ 
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(J) ݉ ൌ 3.3 with ሺ0.5, 0.7ሻ 

 

(K)  ݉ ൌ 3.387  with ሺ0.95,0.47ሻ 
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(L) ݉ ൌ 3.38798  with ሺ0.95, 0.89ሻ 

 

(M)  ݉ ൌ 4.1 with ሺ0.95,1.9ሻ 
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(N) ݉ ൌ 4.2 with ሺ0.05, 1.9ሻ 

 

Fig. 2 Phase portraits for model (2). 

 
(A) 
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(B) 

 
      (C) 

Fig. 3 Bifurcation diagram and their corresponding Maximum Lyapunov Exponent of the model (2) about ܤሺߠ, ሺ1ݎ െ -ሻሻ. (Aߠ

B)Bifurcation diagram of (2) if 1.9  ݉  4.35 and ሺ0.4,0.09ሻ. (C) Maximum Lyapunov Exponent corresponding to (A-B). 
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(A) 

 

 
(B) 
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(C) 

 

 

(D) 
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(E) 

 

(F) 

Fig. 4 Bifurcation diagrams in 3ܦ of the model (2). 
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6 Conclusion 

This work is about local dynamical properties and supercritical N-S bifurcations of a Beddington model with 

Allee effect in Թା
ଶ . We have studiedlocal dynamical properties along withtopological classification about 

ܱሺ0,0ሻ, ,ߠሺܤ ሺ1,0ሻ andܣ ሺ1ݎ െ ሻሻߠ  of model (2), and conclusions are presented in Table 1. We have 

exploredthat aboutܣሺ1,0ሻ, parasitoidgoes extinction while host population undergoes a flip bifurcation to 

chaos when parameters are in theset: ܨሺଵ,ሻ ൌ ሼሺݎ,݉ሻ: ݎ ൌ 2, ݉,ݎ  0ሽ. Further, we also explored that 

about ܤሺߠ, ሺ1ݎ െ ,݉,ݎሻ, model (2) undergoes N-S bifurcation, if ሺߠ ሻߠ א  ܰ൫ఏ,ሺଵିఏሻ൯, i.e.,  ܰሺఏ,ሺଵିఏሻሻ ൌ

 ൜ሺݎ,݉, ሻ: ∆൏ߠ 0  and  ݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
, ,ݎ ݉  0, 0 ൏ ߠ ൏ 1ൠ. Finally theoretical results are 

verified numerically. 

 

Table 1 Equilibria with corresponding behavior of model (2). 

E.P Corresponding behavior 

ܱሺ0,0ሻ Saddle but never sink; source and non-hyperbolic. 

ሺ1,0ሻ Sink if 0ܣ ൏ ݎ ൏ 2; never source; saddle if  ݎ  2; non-hyperbolic if ݎ ൌ 2. 

,ߠሺܤ ሺ1ݎ
െ  ሻሻߠ

sink if 

݉ ൏ ݉݅݊ ൜
మሺଵିఏሻ

ଶିାఏାሺିଶାିఏାమఏିమఏమሻషೝሺభషഇሻ
,

ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
ൠ, 

and 

݉ 
ሺଵିఏሻሺଵିఏሻ

ఏ൫ଶାିଶఏାሺିଶାఏିమఏାమఏమሻషೝሺభషഇሻ൯
; 

Repeller if 

ሺ1ݎ െ ሻሺ2ߠ െ ሻߠݎ

ሺ2ߠ  ݎ െ ߠݎ3  ሺെ2  ݎ  ߠݎ െ ߠଶݎ  ଶሻ݁ିሺଵିఏሻሻߠଶݎ
൏ ݉

൏
ሺ1ݎ െ ሻሺ1ߠ െ ሻߠݎ

ሺ2ߠ  ݎ െ ߠݎ2  ሺെ2  ߠݎ െ ߠଶݎ  ଶሻ݁ିሺଵିఏሻሻߠଶݎ
; 

Saddle if 

ቆ1 െ ߠݎ 
െݎ  ߠݎ  ߠ݉ െ݉ߠሺ1 െ ݎ  ሻ݁ିሺଵିఏሻߠݎ

ሺ1ߠ݉ െ ݁ିሺଵିఏሻሻ
ቇ
ଶ

 

4ቆ
ሺଵିఏሻ൫ିାఏାఏିఏሺଵିାఏሻషೝሺభషഇሻ൯

ఏ൫ଵିషೝሺభషഇሻ൯
 ሺ1ݎ െ ሻቇߠ  0, 

and 

0 ൏ ݉ ൏
ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
; 

Non-hyperbolic if 

݉ ൌ
ሺଵିఏሻሺଶିఏሻ

ఏ൫ଶାିଷఏାሺିଶାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
, 

or 

݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ଶାିଶఏାሺିଶାఏିమఏାమఏమሻషೝሺభషഇሻ൯
, 

and 

݉ 
ሺଵିఏሻ

ఏ൫ଶିఏାሺିଶିାଶఏሻషೝሺభషഇሻ൯
; 
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locally asymptotically node if                

0 ൏ ݉ ൏
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
; 

unstable node if 

݉ 
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
;  

non-hyperbolic if 

݉ ൌ
ሺଵିఏሻሺଶିఏሻ

ఏ൫ସାିଷఏାሺିସାାఏିమఏାమఏమሻషೝሺభషഇሻ൯
; 

locally asymptotically focus if 

0 ൏ ݉ ൏
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
; 

unstable focus if 

݉ 
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
;  

Non-hyperbolic if 

݉ ൌ
ሺଵିఏሻሺଵିఏሻ

ఏ൫ሺଵିଶఏሻାఏሺଵିାఏሻషೝሺభషഇሻ൯
. 
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