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Abstract

Human health is affected by various types of gaseous pollutants (CO, SO,, NOy, etc.) and particulate matters
(PM;s, PMs, PMyo) discharged from several sources such as vehicular traffic, small scale production and
construction industries etc. in a city. These particulate matters are also discharged into atmosphere of the city
by household emissions, causing respiratory diseases and innumerable deaths of the people. Therefore, in this
paper, a nonlinear mathematical model is proposed and analyzed to study the effects of gaseous pollutants and
particulate matters on human health in a city with control mechanisms. In the modeling process, six dependent
variables are considered, namely, the density of human population, the cumulative density of various pollution
emitting sources, the cumulative concentration of gaseous pollutants, the cumulative concentration of
particulate matters, the cumulative concentration of suitable aerosols sprayed in the atmosphere to neutralize
gaseous pollutants and the number density of water drops (amount of water) to wash out particulate matters
from the atmosphere. In the modeling process, it is assumed that the human population density is governed by
a logistic model, the growth rate of which decreases due to increased cumulative concentration of gaseous
pollutants and particulate matters. It is further assumed that the growth rate of cumulative density of various
sources discharging pollutants in the atmosphere is proportional to human population density. The cumulative
concentration of aerosol sprayed in the atmosphere is considered to be proportional to the cumulative
concentration of gaseous pollutants. Similarly the number density of water drops is assumed to be proportional
to the cumulative concentration of particulate matters in the atmosphere. The model is proposed in the form of
nonlinear ordinary differential equations which are analyzed by using the stability theory. The model analysis
shows that in the absence of any control mechanism, the equilibrium level of population density is lower than
that when the control mechanisms are applied. The numerical simulation of the model confirms the analytical
findings. This study implies that human health is adversely affected without the control mechanism and the

death rate of population increases due to various pollutants emitting sources such as vehicular traffic.
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1 Introduction

One of the main concerns, the world over, is the detrimental health effects on human population in a city due
to increasing various pollutants emitting sources such as vehicular traffic, various types of small scale
production and construction industries, etc. According to the report of WHO, every year nearly 4.2 million
people die due to increasing traffic air pollution globally. More than 80% of these people are living in those
urban areas where air pollution level is much higher than specified limits prescribed by the WHO. The main
effect of the increased level of air pollution in a city in the form of gaseous pollutants and particulate matters is
severe level of respiratory diseases in population leading to many deaths (Cohen et al., 2017; Dandona et al.,

2019). Particulate matters having diameter less than 10p (PM ) are recognized as the pointer of the level of

air pollution posing huge health problems in humans related to lungs (Varghas and Teran, 2012). The small
particulate matters have much more detrimental effects on human health as compared to the large ones,
because it is easier for these to enter into human respiratory system causing serious breathing problems
(cardiovascular and respiratory) as reported in several studies across the world (Brunekreef and Holgate, 2002;
Lee et al., 2013; Lepeule et al., 2012; Zang and Batterman, 2013; Lelived et al., 2015; Kheirbek et al., 2016;
Munzel et al., 2018; Anenberg et al., 2019; Tong et al., 2020). Nearly 1.8% of the total global population die
each year only due to cardiovascular problem which is much higher in those countries where the level of traffic
air pollution is much higher (Giannadaki et al., 2014). The capital city, Beijing, of China is faced by increasing
vehicular traffic pollution due to which public health is under threat (Tang et al., 2016). Children, because of
their growing state and higher breathing rates, are more susceptible to lung diseases caused by gaseous
pollutants and particulate matters (Nunes et al., 2016).

In view of the above discussion, it is clear that gaseous pollutants and particulate matters, caused by
various pollutants emitting sources, damage human health seriously. Therefore, it is pertinent to apply some
removal mechanism to remove these gaseous pollutants and particulate matters from the atmosphere. Water
scavenging is one such process for the removal of these gaseous pollutants and particulate matters from the
atmosphere. In this regard, Hales (1972) developed a theory for scavenging of gases from the atmosphere
using rain. Bariie (1978) developed a mathematical model to calculate the redistribution and washout of
sulphur dioxide by heavy rain. Shukla et al. (2008a) developed a mathematical model for the removal of
gaseous pollutants and particulate matters by raindrops from the atmosphere of a city. Thus, introduction of
some external species such as suitable aerosols and water spraying could be used to remove these gaseous
pollutants and particulate matters from the atmosphere. In this regard, various investigations have been
conducted (Nikulshina et al., 2007; Shukla et al., 2008b; Shukla et al., 2012; Wu and Lan, 2012; Sundar et al.,
2013). A technique in which water has been sprayed from a mechanical device to remove gaseous pollutants
and particulate matters showed high removal efficiency (Tsai et al., 2003).

In view of the above, in this paper, we have proposed a nonlinear mathematical model to study the effect of

gaseous pollutants and particulate matters (without and with control mechanisms) on human health in a city.

2 Mathematical Model

Let us consider that the atmosphere of a city is affected by gaseous pollutants and particulate matters in a city
causing various health problems to its citizens. Let C,be the cumulative concentration of gaseous pollutants
and C, be the cumulative concentration of particulate matters caused by various pollutants emitting sources.
Let N be the density of human population modelled logistically with decreased growth rate due to particulate
matters and gaseous pollutants. Let S be the cumulative density of various pollutants emitting sources, the

growth rate of which is assumed to be proportional to human population density N . Let O, be the constant
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rate of emission of gaseous pollutants and O, be the constant rate of emission of particulate matters
discharged into the atmosphere of the city caused by small scale production industries, construction of
buildings, roads etc. It is considered that the cumulative concentration of particulate matters increases in the
city due to discharge of household sources also assumed to be proportional to the human density N Let C,,
be the cumulative density of some suitable aerosol introduced in the atmosphere to neutralize gaseous
pollutants and C;, be the number density of water drops, sprayed in the atmosphere to remove particulate

matters.
The proposed model, in terms of nonlinear differential equations, is proposed as follows

dN N?
—=r|N—-—|-nN—-d,NC, -d,NC 1
” ( I ] i Ve —d, NG, (M
ds
— = AN — 4,S 2
" 0 2
7 01+ 06,8 =8,,Cy =viC\N — 14, C,Cyy €)
u 0y +0,5 + 05N =0yC,y =v,CoN = 145, C,Cyy “)
dcC

a’td1 =i Cy = 1,0Cyy = 1, C,Cyy ®)
dc

djz = 1yCy = 1150C s = 13 CrCyy (6)

N(0)>0,8(0)=0,C,(0)>0,C,(0)>0,C,,(0)>0,C,,(0)>0

In eq (1), r is the intrinsic growth rate of human population density N with carrying capacity K and 7 is its
death rate coefficient due to some natural factors. Since the human health is adversely affected due to the
uptake of gaseous pollutants and particulate matters during breathing, it is assumed that the density of human
population decreases due to these pollutants with rate coefficients ¢, and d, respectively. The growth rate of
cumulative density of pollutants emitting sources density, .S, in equation (2), is assumed to be proportional to
the density of human population, where A4 >0 is assumed to be its growth rate coefficient and 4, > 0 is the
depletion rate coefficient due to inefficient working of sources .

The cumulative concentration of gaseous pollutants C,is modelled in equation (3), where Q, represents the
constant emission rate of gaseous pollutants in the atmosphere such as from construction of buildings, roads
etc. The constant J,, > 0 represents depletion rate coefficient of gaseous pollutants due to some natural
factors. Since the gaseous pollutants are uptaken directly during breathing by the human population with
density N, the cumulative concentration C, decreases with depletion rate coefficientv; >0 (proportional
toCyN ) and then subsequently death rate of N increases with rate d, (in proportion to NC,). Similarly, the
cumulative concentration of particulate matters with density C, is modelled in equation (4), where &,,is the
rate of increase of particulates due to household discharges.

It is assumed further that the growth rate of the cumulative density of aerosol (C,, ) is directly proportional
to the cumulative concentration C, of gaseous pollutants in the atmosphere (see equation (5)) with a growth
rate i, >0, depletion rate p,, > 0 where g, >0 is the depletion rate due to interaction of C, and C, i.e.

C,C,; (see equation (3) also) in this equation. Similarly, the number density of water drops C,, is modelled in
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equation (6), where u, >0 is the growth rate coefficient, z,, >0 is the depletion rate coefficient and
My, >0 is the depletion rate due to interaction of C, and C,,1.e. C,C,, (see equation (4) also).
Now in the following, we state the lemma without proof required for analyzing the model (1) - (6).
Lemma
The region of attraction of the model system (1) — (6) is given as follows,

Q={(N,S,C,,C,,Cy;,C4p) € R :OSNSK,ossssm,(g—lscl <C,,,
10

&SCZ SCZm’ ﬂlQl Sdel Scdlmﬂ IUZQZ SCva!Z SdeZm)}
20 Hi0%10 H20920

1 +0,K +0,K - A
Where, Sm :_Kﬂclm :QI—I’CZm =Q2—2’Cd1m :iclm’chm :ﬂCZm 55] :1_’

0 10 29 Hio Hao Ao
< _ 04 0 10
0, :L+5213 s Catmin = =L, d2min =222

Ao 010 039

Feasibility conditions: For feasibility of the model (1) - (6), we have the following conditions,

@ r-n-d,C —-d,Cy, >0 @)
6 .
(i) — > C, including maximum of C, ®)
Vi
RS gz . . .
(iii) —= > C, and J,, —v,C, > 0 including maximum of C, ©)
V)
(iv) 2L > ¢, including maximum of C,, (10)
Hi
) Lt I C;, including maximum of C;, (11)
Ha

3 Equilibrium and Stability Analysis

In this section, the model is analyzed under the following two cases,

Case I: Without control mechanism (i.e. C;, =0,C,, =0)

Case II: With control mechanism using external species (i.e. C, #0, C;, #0)

3.1 Case I: Analysis of model without control mechanism (i.e. C,, =0,C,, =0)

In this case, we study the effects of cumulative concentration of gaseous pollutants and particulate matters on
human population density in the absence of control mechanismi.e. (C, =0,C,, =0). The model system (1)

— (6) in this case is reduced to the following form;

2
Z—]jzr[N—N?]—rlN—leCl —d,NC, (12)
ds
ZoAN-4,S 13
dt 0 (13)
dc
711:Q1 +0,8S-6,,C, —v,C,N (14)
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d% =0, +0,S+0, N —-0,,C, —v,C,N (15)

There are only two non-zero equilibria of the model (12) — (15) as given below,

1 E, (0, 0,&,5—2] This implies that in the absence of density of human population and density of various

10 20

pollutants emitting sources, the cumulative concentration of both pollutants will remain at their natural

O 0,

equilibrium levels =and == respectively.
2 O

(1) E (]V S, 51 , 52) . The existence of E is proved as follows.

3.1.1 Existence of the equilibrium E
The equilibrium values of different variables are given by the following algebraic equations,

r(l—lj—rl —d,C, —d,C, =0 (16)
K

AN — 2,5 =0 (17)
0, +6,8 —6,,C, —v,C,N =0 (18)
0, +6,8 + 5, N —6,0Cy —v,C,N =0 (19)

From equations (21) - (24) we get,

N=£(r—r1 -d,C,—d,C,) (20)
r
s=2n 1)
ﬂ“O
o = GraN 2)
0,0 +V|N
o, = LroN (23)
0,59 +V, N

Using equations (21) — (23) in equation (16) we can define F'(NN) as follows,

F(N):{l_ﬁj_rl_dl GiFolN |, [LFoalN ] (24)
K 00 +VIN Oy +V, N
From equation (24), we note that,
1 FO)=r-n _4o 0, > 0, due to feasibility condition (7)
N O30
5,K 5,K
(i) F(K)=—r, —d | Q302K |4 LTk
O +V K Oy +V, K
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(iii) F'(N):_L_&dlz(i_&}_ V20504, z[é_&jﬂ)
K (8, +viN)"\vi Oy (G50 +Vo,N) (Vo Oy

(see feasibility condition (8)and (9))

This implies that F(N) = 0has a unique positive root (say N = N )in (0N <K). Using N = N [the values

of S , (~?1 and (~?2 can be obtained from equations (21), (22) and (23) respectively.
3.1.2 Stability analysis

To study the local stability behavior of equilibrium £, , we compute the Jacobian matrix M (E) for the model

system (16) — (19) as follows,

- 21’"(N —r—-dC,-d,C, 0 —d,N —d,N
M(E) = A -4 0 0
-G 6, —(6,+vN) 0
L —v,C, + 6, 6, 0 — (85 +V,N) |

From the above matrix, we note that the equilibrium £, is unstable as one eigenvalue » —r — d151 -d, 52 of

M (E,) is positive, in view of the conditions (7).

Theorem 3.1.1 The equilibrium Eis locally asymptotically stable provided the following conditions are
satisfied,

1 r ~ ~

g;(&o +v,N)—dwv,C,>0 (25)
1 r ~ ~

g;@zo +Vy,N)+dy (85 —v,Cy) >0 (26)
8 r ~ = =

Ef@o +v,N)v,C, —d,5° >0 (27)

(See Appendix A for proof).

Theorem 3.1.2

The equilibrium Eis nonlinearly asymptotically stable provided the following conditions are satisfied in (2,

1 r ~

g;é‘lo —dll/lcl >0 (28)
1 r ~

_E520 +d,(6y —v,Cy)>0 (29)
8 r ~ =2

5;5101/@1 —d1§1 >0 (30)

(See Appendix B for proof)
These stability conditions imply that all the four variables reach to their equilibrium values under above

conditions. Further, if J,,0d,,V,and v, approach to zero then the possibility of satisfying the conditions (25)
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— (30) is more plausible. Hence, these parameters have destabilizing effect on the system.

3.2 Case I1: Analysis of model with control mechanism (i.e.C, #0, C;, #0)

In this case, we study the effect of cumulative concentrations of gaseous pollutants and particulate matters on
human population using control mechanisms in the form of spraying of suitable aerosols and water drops in the
atmosphere i.e. (C,;, #0,C,, # 0) by considering the full model system (1) - (6).

There are again two equilibrium points of the model system (1) - (6) as given below,

(i) E =(0,0,C,,C,,C,,Cyy)

where C. = = (10619 _Q1ﬂ11)+\/(ﬂ10510 _Qlﬂn)z + 40,0, (14 +6y)
: 20, (4 +0yp)

c = (£20020 = O Hpy) + \/(ﬂ20520 - Qz/lzz)z + 40 12 Qs (1) + O3)
: 2o fyy (5 + Oy)

— C — C
Cdl = /Jl—l— and Cdl = 11'12—2_
g + 41,C Hoo + 1 Cy

(i) E"=(N",S",C!,C,Cl1,Cly)

3.2.1 Existence of equilibrium E°

The equilibrium values of different variables in E” are given by the following algebraic equations,

r(l—lJ—VI —d,C, —d,C, =0 31)
K

AN = 4,8 =0 (32)
0, +6,5-6,,C; =viC\N — 1, C,C; =0 (33)
0, +6,85+ 6, N —6,0C, —=v,C,N = 145, C,Cyp =0 (34)
4 Cy = pyCpy — 11 C,Cyy =0 (35)
1 Cy = pgCyy = 1 C,Cyp =0 (36)

From equation (34), (35) and (37) we get
(ty pty + oty + Vi1 NYCE = (O 11y + 6,14, N = 8y 119 = vy 11,0 N)C,
~(Qit19 +8,yN) =0 (37)
From equation (39) we get
C,=f(N)>0 (38)

where
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{;ull(Ql + é_‘lN)_ﬂlowlo +V1N)}2 +

ﬂll(Q1+aN)_ﬂ10(510+V1N)+ { _
4,019 + 14 +V1N)(Q1ﬂ10 +#1051]\7)

S(N) =
244,019 + 44 +vN)
(39)

Similarly from equation (34), (36) and (38) we get,
(e fty + O iy + VzﬂzzN)C22 = (O iy + 5_2#22N — O tag —ValinyN)C,

—(Qy iy + gz#zoN) =0 (40)
From equation (42) we get,
C,=g(N)>0 (41)

where

- 2
{,Uzz (Qz + 52N)_ o (5 + VzN)} +
A1y (859 + 1y + VzN)(Qzﬂzo + ,U2052N) 20
2y (839 + 1 +V,N)

Hxn (Qz +‘§2N)_/120(520 +V2N)+\/{

g(N) =

(42)
From equations (39) and (42), on differentiating with respect to N, we get
f'(N)>0and g'(N)>0 (43)
Using equations (40), (43) in equation (33) we define G(N) as follows,

G(N) = r(l—%j—n —~d, f(N)~d,g(N) =0 (44)

From equation (46), in view of conditions (7) — (11) and (45), we note that (using feasibility condition) (7) —

(11)

(i) G(0)=r—r —d f(0)~d,g(0)>0 (45)
(i) G(K)=-n —d,f(K)-d,g(K)<0 (46)
(iii) G'(N) =‘;’—n —d\f'(N)~d,g'(N) <0 (47)

This implies that G(N) = 0 has a unique positive root (say N =N") in0< N <K . Using N = N the values

of $*,C; ,C,,Cyand C,,can be obtained from equations (31) - (36) respectively.

3.2.2 Stability analysis
The following Jacobin matrix J(E) for the model system (1)-(6) is computed to study the local stability

behavior of equilibrium E ,
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[ _2rN p |
' 0 —d,N —d,N 0 0
-d,C-d,C,
A -4 0 0 0 0
O10 + 411Cyy
—-v,C 1) - 0 - u,C 0
1¢1 1 (+ VN Hib
J(E) = Oy +
U0 Cys
—v,Cy + 6 5 0 —| % 0 e
2L 21 2 (Jr vyN J Hnls
0 0 (M J 0 _ [ﬂlo J 0
—1,Cyy + €y
0 0 0 [ﬂz J 0 B (ﬂzo ]
L —1nCyy +15,C, ) |

From the above matrix, we note that the equilibrium E(0,0,C,,C,,C,,,C,,) is unstable as one of the

eigenvalues » —r, —d,C, —d,C, of J(E) is positive.

Theorem 3.2.1 The equilibrium £ "is locally asymptotically stable provided the following conditions are
satisfied,

1 r * * *

EE(510+V1N +4,Cyy) —dv,Cy >0 (48)
1 r * * %

g;@zo VN + 1y Cyy) +d, (65 —v,Cy) >0 (49)
8 r * * * =

—— (61 N +14,Cy)v,C _d1512 >0 (50)

27 K
(See Appendix C for proof)

Theorem 3.2.2 The equilibrium £ is nonlinearly asymptotically stable provided the following conditions are
satisfied in Q,

1 r *

S; =—— (01 + 41 Cimin) —d v, C; >0 (51)
6 K
1 r *

S, = g;@zo + U Chomin) +d2 (0 —v,C,) >0 (52)
8 r =2

Sy =—=—= (01 + 1 C1min )V1C, —d, 6" >0 (53)

T27K
(See Appendix D for proof)

The above stability conditions imply that if J,,0,,v, and v, approach to zero then the possibility of satistying

the conditions (48) — (53) is more feasible. Hence, these parameters have destabilizing effect on the model

system. These conditions are more favourable than the case without control mechanisms.

4 Numerical Simulations

We have performed here some numerical simulations to study the local and nonlinear stability behavior of
equilibria and feasibility of the model system (1) — (6) using MAPLE 18 by choosing the following set of
values of parameters,
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0 =4, 0,=2, r=05, K=10000 ,  =0.001 , d; =0.000004 , d, =0.000006 , A=0.1 ,
Jo =0.15,8,=0.025,8, =0.008,5,, = 0.3, 5, = 0.35,v; =0.000004,v, = 0.000006
t=0.1, 4, =0.1, 1,0 = 0.05, 1, = 0.04, 14, = 0.0002, 11, = 0.0004,5,, =0

The equilibrium values of different variables in E*(N",S8",C;,C,,C,,,C,,) corresponding to above data are
given as below,

N*=9932.080,5" =6621.386,C; =421.222,C, =118.515,C);, =313.772,C,, =135.591

The eigenvalues of the Jacobean matrix corresponding to E*(N~,S",C,,C,,C,,,C,,) for the model system
(1)-(6) are obtained as —0.5037,— 0.3854,—0.1537,— 0.1445,— 0.4538,—0.0932 .

Since all the eigenvalues are negative, as a result, the internal equilibrium E*(N*,S",C;,C;,C),,Cl,) is
locally asymptotically stable.

Using the above set of parameter values, the nonlinear stability behavior of E*(N",8",C},C5,C},,Cr)
is shown in the Fig. 1. It shows that the solution trajectories starting at any point within the region of attraction

approach to equilibrium point E*(N*,S",C},C;,C;,,C,) - In Fig. 2, the variation of cumulative concentration
of gaseous pollutants C, with time ¢ is plotted for different values of &, (the growth rate coefficient of
gaseous pollutants) with control mechanism using some suitable external specie (#; # 0 ) and without control

mechanism (24 =0). It is observed from the figure that as o, increases, the cumulative concentration of

gaseous pollutants increases in the atmosphere but it decreases significantly when external species is
introduced as control mechanism. In Fig. 3, the variation of cumulative concentration of particulate matters

C, with time ¢is plotted for different values of J, (the growth rate coefficient of particulate matters) with
control mechanism using some other suitable external species (&, # 0 ) and without control mechanism

(4, =0). Tt is observed from the figure that as o, increases, the cumulative concentration of particulate

matters increases in the atmosphere but it decreases significantly when this external species is introduced as

control mechanism.

In Fig. 4, the variation of cumulative concentration of gaseous pollutants C; with time ¢ is plotted for
different values of A, the growth rate coefficient of pollutants emitting sources due to human population with
control mechanism ( g # 0 ) and without control mechanism (£ =0). It is found that as the growth rate of

pollutants emitting sources due to human population increases, the cumulative concentration of gaseous

IAEES www.iaees.org



110 Computational Ecology and Software, 2021, 11(3): 100-125

pollutants also increases in the atmosphere but it decreases significantly when first external species is
introduced as control mechanism. In Fig. 5, the variation of cumulative concentration of particulate matters C,
with time ¢is plotted for different values of 4, the growth rate coefficient of pollutants emitting sources

density due to human population with control mechanism using the second external species (4, #0 ) and

without control mechanism (£, = 0). It is found that as the growth rate of the density of traffic and industry

due to human population increases, the cumulative concentration of particulate matters increases in the
atmosphere but it decreases significantly when second external species 1is introduced as control mechanism.

Fig. 6 depicts the variation of human population density NV with time ¢ for different values of 8, (the growth
rate coefficient of gaseous pollutants) with (z, # 0)and without control mechanism (z, = 0). It is observed

that as o, increases, human population density decreases but it increases when the first external species is
introduced. This implies that the excess of gaseous pollutants in the atmosphere adversely affects the human

health. Fig. 7 shows the variation of human population density N with time ¢ for different values of J, (the
growth rate coefficient of particulate matters) with (x, # 0) and without control mechanism (x, =0). It is

observed that as J, increases, the human population density decreases but it increases when second external

species is introduced. This implies that the excess of particulate matters in the atmosphere also adversely
affects the human health. In Figs 8 and 9, the variation of human population density N' with time ¢ is plotted
for different values of A, the growth rate coefficient of pollutants emitting sources density due to human
population density with and without control mechanism applied to control gaseous pollutants and particulate
matters respectively. It is noted from this figure that, as the growth rate of pollutants emitting sources density
increases, the human population density decreases due to emission of gaseous pollutants and particulate

matters as discussed before. In Fig. 10, the cumulative concentration of gaseous pollutants C; with time ¢ for
different values of g is plotted. It is found that cumulative concentration of gaseous pollutants due to
pollutants emitting sources density decreases but is much higher when y; =0 . In Fig. 11, the cumulative

concentration of particulate matters C, with time ¢ for different values of u, is plotted. It is seen that
cumulative concentration of particulate matters due to pollutants emitting sources density decreases but is

much higher when g, = 0.The variation of population density N with time ¢ for different values of 4, and
M, 1is explicitly shown in Figs 12 and 13 respectively. It is easily seen that as x; and 1, increases, the human

population density increases and its equilibrium level is much lower when g, =0 and x, = 0. In Figs 14 and
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15, we have shown the variation of nonlinear stability conditions S;and S, (as given in equations (51) and
(52)), respectively, with respect to crucial parameters. It is clear from the Fig. 14 that S|, remains positive for
v, <0.002256 and it is negative for v; >0.002256. This implies that the stability condition is satisfied for
0 <v, <0.002256 and for higher values of v, it will not be satisfied indicating that v, has destabilizing effect
on the model system. From Fig. 15, it is noted that S, remains positive for v, <0.061524 and is negative for
v, >0.061524 implying that the stability condition is satisfied for 0 <v, <0.061524 for and for higher values

of V2 it will not be satisfied indicating that V> has destabilizing effect on the model system. In Fig. 16, we

have shown the variation of nonlinear stability conditions S5 (as given in equation (53)) respectively, with
respect to crucial parameters to study the effect of these parameters on stability conditions. It is clear from the

Fig. 16 that S; remains positive for 6, <0.064670 and it is negative for o, > 0.064670. This implies that the
stability condition is satisfied for 0 <J, <0.064670 and for higher values of o, it will not be satisfied

indicating that J, has destabilizing effect on the model system.
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c, I.'J'[J'[I'—_
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Fig. 1 Nonlinear stability in N —§ — C| space.
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5 Conclusion

In this paper, a nonlinear mathematical model has been proposed to study the effects of gaseous pollutants and
particulate matters on human population in a city caused by vehicular traffic and other pollutants emitting
sources with and without a control mechanism. Two external species such as aerosols and water have been
introduced into the atmosphere to remove gaseous pollutants and particulate matters as control mechanisms. In
the modeling process, six variables have been considered, namely, the cumulative density of human population,
the various pollution emitting sources etc., the cumulative concentration of gaseous pollutants, the cumulative
concentration of particulate matters, the cumulative concentration of suitable aerosols to remove gaseous
pollutants from the atmosphere and the number density of water drops sprayed in the atmosphere to remove
particulate matters from the atmosphere. The concentrations of gaseous pollutants and particulate matters are
assumed to be dependent on the cumulative density of various pollutants emitting sources in the city. The
cumulative density of pollutants emitting sources has been assumed to be proportional to human population
density which follows logistic model. The growth rate of human population density decreases due to
concentrations of gaseous pollutants and particulate matters. The rates of introduction of aerosols and water for
removal of gaseous pollutants and particulate matters have been assumed to be directly proportional to the
cumulative concentrations of gaseous pollutants and particulate matters respectively. The model has been
proposed in the form of nonlinear ordinary differential equations which has been analyzed by using the theory
of stability under two situations viz without control mechanism and with control mechanism. The existence of
interior equilibrium has been established and its local as well as nonlinear stability have been studied in both
the cases. It has been shown that as the cumulative concentrations of gaseous pollutants and particulate matters

increase in the atmosphere, the human population density decreases in both the cases but the equilibrium level
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of population density is higher in the case when control mechanism is used. The study implies that it is
absolutely necessary to apply control mechanisms to control emission from traffic and other pollutant emitting
sources in a city to protect human health.

Appendix A
Proof of Theorem 3.1.1

To establish the local stability of E , let us consider the following positive definite function,

1 1 1 1
V:EWN3+5m§f+5m¢ﬁ+Em¢§ (A1)

where N, , S, , C,, , C,, are the small perturbations about E(N,S ,51,52) described as

N=N+ N,,S= §+S1 ,C,=C +C),, C,=C,+Cy and m; (i =1,2,3,4) are positive constants to be

chosen appropriately.
Differentiating (A1) with respect to # we get
dv dN ds dC,

_ 1
— =mN, —+m, S, —+m;Cy,

— — (A2)
dt dt dt dt dt

The linearized system corresponding to E (]\Nf .S, 51 , 52) is given as,

N, _IN

0 ~d,N —d,N N
S K S
. A ~ 0 0 !
C“ -vC, 8 = (8 +vN) 0 €
Ca _Vzéz +0, 6, 0 —(dy +V2]\~/) Ca

Using above linearized system in equation (A2) and on simplification we have,

dav N ~ ~
=-m ?le _mz}vosl2 —m3 (8 Jr"1N)C121 —my(Oy +V2N)C222 +myAN, S,

dr
_(m1d1ﬁ+ m3V151)N1C11 _(mldzﬁ_m4(521 _Vzaz))N1C22 +m36,5,Cy +my6,5,Cy,
(A3)
d,N .
where m, = 2 is chosen
031 =v2C;
.dv . . . . . .
In above equatlon,z will be negative definite if the following conditions are satisfied
4 "N
m,A)? <—m,yAym, — A4
(myA) g M2 (A4)
(’”1“’1NJr ”’13"151)2 <§m3 (6 + Vlﬁ)ml % (A5)
2 ~
(m;6,)° <5m3 (619 +ViN)my 4y (A6)
2 _2 v
(m,0,) <§m4(520 +v,N)m, 4, (A7)
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After performing some algebraic calculations and choosing,

4 rN A, d,N
my =1, my <———-my=—=
9K 4 v,C,

7 is a negative definite under the conditions (25) - (27).
t

Appendix B
Proof of Theorem 3.1.2

To establish the nonlinear stability of E, let us consider the following positive definite function,
U= kl(N— N - ﬁlog%j +%k2(S —5)? +%k3(Cl -C))? +%k4(C2 -C,)? (B1)
where £, (i =1,2,3) are positive constants to be chosen appropriately.

Differentiating above equation with respect to ¢ we get

dUu

r ~ ~ ~ ~
=R (V=N =k 2o (8 =8)” = ks(S0 + NGy = C) = ka8 +VaN)(Cy = 6’

+ky AN = N)(S = §) = (kydy + kv, C))(N = NY(Cy = C)) = (kidy — k4 (83 —v,C))(N = N)(C, = Cy)
+h38,(S ~ S)(Cy — C)) +k,y8,(S = S)(C, — Cy) (B2)

d
where k, = ——2*——
0y —v,C,

In the above equation, Z—U will be negative if the following conditions are satisfied,
t

4 r
(ky2)? <§k1k210E (B3)
(kyd, "'153"151)2 <§k1k3 %(510 +VN) (B4)

2
(k36,)° <§k3k2(510 +viN)4 (B6)

, 2
(k465) <§k4k2(520 +v,N) 4 (B7)
Maximizing the left hand side and minimizing the right hand side and choosing,
d
k =1k, < driy ,ky =—— the above inequalities are satisfied. Thus ay is negative definite provided the
1 2 2 3
9K 2 v,C, dt

conditions (28) - (30) are satisfied inside the region of attraction Q2 .

Appendix C
Proof of Theorem 3.2.1

To establish the local stability of E , let us consider the following positive definite function,
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il
2

1

W, = ! N} +%12312 +—1,C} )

1 1
=5 1,C3, +515C§11 +516C§22 (C1
where N,, S,,C,,,Cy,C4,,Cyypy are the small perturbations aboutE” =(N°,S°,C,,C,,Cl,,C,,) described

as

N=N"+N,, 8=8+S,,C =C +C,, , C,=C,+C,, , Cjy=Cyy +Cyy, , Cpy=Cy, +C,,, and

[, (i =1...6) are positive constants to be chosen appropriately.

Differentiating (C1) with respect to ¢ we get

aw, dN, ds, dC, dCy, dCy, dC
=LN,—+1S,—+1.C;; —+1,C,, —=+1.C,,, ——+[.C C2
dr A 2217 st abn sCann 6tan T (€2)
The linearized system corresponding to E- =(N",S",C;,C,,C.,,C,,) is given as,
N 0 —d,N" —d,N" 0 0
A -4 0 0 0 0
N, ] \ 510 + 1y, C . [N, ]
"1 —v,C, 5 - 10 /L*‘u dl 0 -G 0 1
591 +v,N Sy
Ch 8oy + 1y C Ch
. = * 20 T Hlyn *
sz —vy,Cy +6y 6 0 - {+ VN 0 — 1, Cy,
Cdu H Hio Can
[~d22 | —11:1Cyy + 1y, C S
0 0 0 [ﬂz ) J 0 _(ﬂzo *J
L —15Cyy +1nC; )|
Using above linearized system in equation (C2) and on simplification we have,
dW I"N* * * * *
Ttl =- 7N12 _1210512 =1(69 + 11 Cyy + VN )C121 —14(0y + H2nCyava N )C222
=15 (19 +,U11C1*)C51 — 1 (49 +,U22C;)C§2 + 1L, AN, S, _(Z3V1C1* Jr11“71]\[*)]\71(111
_(lleN* _14(V2C; =8,))IN,Cy,y +156,8,Cyy +1,0,8,Cyy
+ (s (g — ﬂnC;l) - 13#11C1* )C1Cany + (U (1 — ﬂzzCZIz) - 14/L‘22C;k )C0»Chpm  (C3)
. C, c, d,N" . aw, .
Now after choosing/ =Ll*l3, le :LZ*ZM ly =2—* from equation (C3), —L is
= pCyy Hy = 1 Cyy 0y =V, G, dt

negative definite if the following conditions are satisfied,

*

(L < S 22 (C4)
* * 2 I"N* * *
(v Cy +Ld\N )2 <§l1l3 7(510 +viN +1,Cyy) (Cs5)
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2 ¥ *
(1351)2 <§lzl3/10(510 +4,Cyy +ViIN )

2 * *
(1452)2 <§lzl4io (020 + Vo N+ 115,C )

After performing some algebraic manipulations and choosing

A d/N”
11:1’12<iﬂ_0’[3: 1 .
9 K 2? v,C,

dw,

d—] will be negative definite under the conditions (48) — (50)
t

Appendix D
Proof of Theorem 3.2.2

(Co)

(€7

To establish the nonlinear stability of E, let us consider the following positive definite function,

* * N 1 * 1 * 1 %
Wy=p|N-N =N log—|+-p,(§-§ )2+_P3(C1_C1)2+_P4(C2_C2)2
N 2 2 2
1 LN} 1 * 2
+5P5 (Cs = Cap) +5P6(Cd2 -Cy)

where p. (i =1...6) are positive constants to be chosen appropriately.

Differentiating above equation with respect to ¢ we get,
dW r * * *
dt2 =-D E(N—N )2 = P2 2o (S =8")? = p3 (8o +ViN + 111,Cy)(C, = C))?

= P4(839 + Vo N + 115, Cyy N(Cy _C;)z = ps(yo + 1, C(Cyy — C;)z

= Pe(tay + 11, CyN(Cay = Cp) + PL AN =N )(S = 87)

—(pyd, + psviCON =N )C, = Cy) = (pydy + py(v2Cy = 83))(N = N )(C, —

+ P30 (S = SNC, = C) ) + py8,(S =S )C, = C3)
+ (_P3,U11C1* + ps(py — ﬂllC:n NC, — Cl*)(cdl - C;)
+(=Pa 1y Cs + Pty = 1 Cyn NCy = C3)(Cyy — Cy)

. c’ ol
Now after choosing ps :Ll*pp Do = Hpnto _
(= 1, C ) (#y = 12,C ) 0y —Cyv,
aw,

dt

will be negative if the following conditions are satisfied,

4 r
(Pzi)z < 5]91]92 Eio

IAEES

(D1)

C3)

(D2)

4> D4 2—2* in the above equation,

(D3)
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* 4 r
(pd; + p3viC )2 <gp1]93 E(510 +VviN+ 1,,Cyp) (D4)
4
(P351)2 <EP2P3/10 (010 +ViN + 1;,Cyy) (DS5)
, 4
(p46,)" < gp2]94/10 (020 + Vo N + 14 Cy) (D6)

Maximising left hand side and minimizing right hand side and choosing,

472 d . . .
”_02 p; = —— the above inequalities are satisfied. Thus

w,
< p—
9KA Civ,

is negative definite provided

)4 :1:p2

the conditions (51) - (53) are satisfied inside the region of attraction Q showing that ¥, is Lyapunov function.

This proves the theorem.

References

Anenberg SC, Achakulwisut P, Brauer M, Moran D, Apte JS, Henze DK. 2019. Particulate matters-attributable
mortality and relationships with carbon dioxide in 250 urban areas worldwide. Scientific Reports, 9(1):
11552

Bariie LA. 1978. An improved model of reversible SO, washout by rain. Atmospheric Environment, 12(1-3):
407-412

Brunekreef B, Holgate ST. 2002. Air pollution and health. The Lancet, 360: 1233-1242

Cohen AJ, Brauer M, Burnett R, et al. 2017. Estimates and 25 year trends of the global burden of disease
attributable to ambient air pollution: an analysis of data from the global burden of diseases study 2015. The
Lancet, 389: 1907-1918

Dandona L, et al. 2019. The impact of air pollution on deaths, disease burden, and life expectancy across the
states of India; the Global Burden of Disease study 2017. Lancet Planet Health, 3 (1): €26-¢39

Giannadaki D, Pozzer A, Lelieveld J. 2014. Modeled global effects of airborne desert dust on air quality and
premature mortality. Atmospheric Chemistry and Physics, 14(2): 957-968

Hales JM. 1972. Fundamentals of the theory of gas scavenging by rain. Atmospheric Environment, 6: 635-650

Kheirbek I, Haney J, Douglas S, Ito K, Matte T. 2016. The contribution of motor vehicle emissions to ambient
fine particulate matter public health impacts in New York City: a health burden assessment. Environmental
Health, 15(1): 89

Lee H, Kim H, Honda Y, Lim Y-H, Yi S. 2013. Effect of Asian dust storms on daily mortality in seven
metropolitan cities of Korea. Atmospheric Environment, 79: 510-517

Lelived J, Evans JS, Fnais M, Giannadaki D, Pozzer A. 2015. The contribution of outdoor air pollution sources
to premature mortality on a global scale. Nature, 371: 367-371

Lepeule J, Laden F, Dockery D, Schwartz J. 2012. Chronic exposure to fine particles and mortality: an
extended follow-up of the Harvard six cities study from 1974 to 2009. Environmental Health Perspectives,
120: 965-970

Madureira J, Brancher, Costa C, Pihno RAD, Texeira JP. 2019. Cardio-respiratory health effects of exposure
to traffic-related air pollutants while exercising outdoors: A Systematic review. Environmental Research,
178: 108647

Munzel T, Gori T, Al-Kindi S, Deanfield J, Leliveld J, Daiber A, Rajagopalan S. 2018. Effects of gaseous and

IAEES www.iaees.org



Computational Ecology and Software, 2021, 11(3): 100-125 125

solid constituents of air pollution on endothelial function. European Heart Journal, 39: 3543-3550

Nunes RAO, Branco PTBS, Alvin —Fariaz MCM, Martins FG, Sousa SIV. 2016. Gaseous pollutants on rural
and urban nursery school in Northern Portugal Environmental. Pollution Elsevier, 208(A): 2-15

Nikulshina V, Galvez ME, Steinfeld A. 2007. Kinetic analysis of the carbonation reactions for the capture of
CO; from air via the Ca(OH),—CaCO;—CaO solar thermo chemical cycle. Chemical Engineering Journal,
129: 75-83

Shukla JB, Misra AK, Sundar S, Naresh R. 2008a. Effect of rain on removal of a gaseous pollutant and two
different particulate matters from the atmosphere of a city. Mathematical and Computational Modelling, 48
(5-6): 832-844

Shukla JB, Sundar S, Misra AK, Naresh R. 2008b. Modelling the removal of gaseous pollutants and particulate
matters from the atmosphere of a city by rain: effect of cloud density. Environmental Modelling and
Assessment, 13(2): 255-263

Shukla JB, Sundar S, Naresh R. 2012. Removal by rain of two gaseous pollutants and a particulate matter
formed by these two reacting gases from the atmosphere: a model. International Journal of Applied
Mathematics and Computation, 4(2): 183-193

Sundar S, Sharma RK, Naresh R. 2013. Modelling the role of cloud density on the removal of gaseous
pollutants and particulate matters from the atmosphere. Application and Applied Mathematics, 8(2): 416-
435

Tang G, Chao N, Wang Y, Chen J. 2016. Vehicular emissions in China in 2006 and 2010. Journal of
Environmental Science (China), 48: 179-192

Tong R, Liu J, Wang W, Fang Y. 2020. Health effects of PM; 5 emissions from on-road vehicles during
weekdays and weekends in Beijing, China. Atmospheric Environment, 223: 117258

Tsai CJ, Huang C-H, Lu H.H. 2003. Removal of air pollutants in the make-up air of a semiconductor plant by
fine water spray. Separation Science and Technology, 38(6): 1429-1436

Vargas MPS, Teran LM. 2012. Air Pollution: Impact and Prevention. Respirology, 17(7): 1031-1038

Wu SF, Lan PQ. 2012. A kinetic model of nano-CaO reactions with CO, in a sorption complex catalyst.
AIChE Journal, 58(5): 1570-1577

Zang K, Batterman S. 2013. Air pollution and health risks due to vehicle traffic. Science of the Total
Environment, 15: 307-316

IAEES www.iaees.org





