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Abstract

This paper describes a mathematical model with Susceptible-Infected-Treatment under disease infection in
prey population. The controls methods are one is separating control that is to separate the prey from infected
prey by means of self quarantine and the another one as a treatment control that is to reduce the rate of death
caused by the disease. A local study of the model is performed around the disease-free equilibrium and the
endemic equilibrium to estimate the effect of parameters that control disease spread and species coexistence.

Some numerical solutions are given to explain most of the analytical results.
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1 Introduction

Ecology and epidemiology are two major and distinct fields of study (Su and Wang, 2015; Vijaya et al., 2017;
Bezabih et al., 2021). Populations of each level are under constant threat of diseases (Banerjee, 2017; Saikh
and Gazi, 2018; Zhang et al., 2020). This type prey-predator model is susceptible infected-treatment model
assumption of four nonlinear differential equations. One of the important components of the predator-prey
relationships is the rate of predator’s feeding depends upon the prey (Upadhyay and Iyengar, 2013).

Below we consider a mathematical model for covid-19 epidemic around a period of about 15 days. For this
period it is valuable to assume that infection will spread all parts of the body will destroy one by one. At
finally it will affect the lungs it may cause breathing problems to reduce the oxygen level and leads to death.
Many diseases are spread by infected individuals in the population coming into close contact with susceptible
individuals. These include influenza, measles, chicken pox and AIDS (Vijaya et al., 2017). Covid-19 also
spread by the infected individuals through sneezing, cold and cough, touch each other and it is easily
transmitted through all aged people (Alshammari and Talay, 2021; Musa et al., 2021; Yadav et al., 2021).
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We introduce harvesting factor in the predator to balance the predator-prey population (Amalia and Arif,
2018). Harvesting policies is one of the major and familiar problems from ecologically and economic point of
view (Kar, 2006). Two control methods to avoid this disease as treatment given for the lower immunity level
population and boost their immunity power for infected individuals through vaccination. Another method to
reduce Covid-19 is by self quarantine because the incubation period is around 15 days. We take some home
remedies like natural medicine, Ayurveda, Yoga and meditation.

In this prey-predator epidemiological model in section 2, we modify the model with four species and
explanation. In section 3, the recent researchers are proved that the population is always positive and bounded.
In section 4, we find that the system has stability with equilibrium points. In section 5, the researchers have
been examined the stability of equilibrium points. In section 6, the researchers obtain conditions for Hopf

bifurcation. In final section presents the conclusion about the key findings of the problem.

2 Method

§ = aS(t)

- ~ PO

1 S(t) cN(t)S(t)
( ok >_ 1+N(®)

d_N _cN(©)S(D)

TN —JN(©P(t) — SN(t) — eN(t)

A 1) - FT®) + SN (D)

dt
dP
Frin YN(OP(t) + pS(E)P(t) — hP(t) €Y
with initial densities
S(0)>0, N(0)> 0, T(0) >0, P(0)>0 2)

Here, S(¢), N(¢) ,7(¢) and P(f) denote the susceptible prey, infected prey, treatment and predator respectively

and all the parameters are positive.
The methods to select parameter values for is based on the dynamical presentation of a given model
We described the following model parameters below:

a is the growth rate of susceptible prey.

k 1s the carrying capacities of susceptible prey.

c is the interference coefficients of two prey species with Holling type II functional response .

b, j are the force of infection of preys from predator.

e is the natural death rate of infected prey.

o is the recovered rate of infected prey.

f relates the death of infected prey under treatment.

v denotes the growth rate of prey under treatment.

o, y, are the conversion coefficient of predator from susceptible and infected preys population.

h is the harvest effort of predator.
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This model has some assumptions which consist of the followings:
1. The susceptible and infected prey interaction take place with Holling type II functional response.
2. We identify the number of infected prey and given treatment for them.

3. The treatment will be given for infected individuals as some home remedies like natural medicine,

ayurveda, yoga and meditation.

4. We consider the growth rate by the raise of immunity power and death rate for the species under
treatment.

5. For healthy prey will be given vaccine before they affected by the predator.

3 Positiveness and Boundedness of Theorem

In this section, we establish the conditions to get positive as well as bounded solutions of the system.

3.1 Positivity

Theorem 1. Every solution of system (1) with initial conditions (2) always exists in the interval [0,00) and
S(t) >0,N(t) >0,T(t) >0,P(t) >0, forall t > 0

Proof.

In the right hand side of equation (1) is completely continuous and relates to locally Lipschitzian on C, the
conditions (2) exists and is unique on [0,¢), where 0 < ¢ < +oo (Sharma and Samanta, 2015). From equation (1)

and (2), we have

S(t) =S(0) exp [fy{a(1-) — S~ BP}dt]> 0
N(t) =N(0) exp [[ {-——jP — & —e} dt]>0
T(t) =T(0) exp [fot{v —f+ 8TN}dt]>O

P(t) =P(0) exp [[,(¥:N + ¢S — h} dt]>0

hence we proved.

3.2 Boundedness

Theorem 2. Susceptible prey is always bounded above for a >0, k >0.

Proof.

If S(0) = 0 then the result is obvious, if S(0) >0, Then S(¢) >0 for all t on adding equation (1) we obtain

ds S .
L<a(1-3) lim(sup S()) < k
Theorem 3. Infected prey, Treatment and Predator are bounded above.
Proof.

If N(0) = 0 the result is obvious. We obtain the equation (1)

If N(0) >0, then ddit < 0ifd,N>1, % <0 ifd,T>1, % < 0if dsT>1

where d; =0 + e, dzzl)"rf,&d3:h

= lim(sup N(9)) < — , lim(sup T(?)) < — , lim(sup P(1)) < —
t—o dq t—o d; " tow ds
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Theorem 4. The path of the equation (1) are bounded.
Proof.
Define the function Q =S+ N+ T+ P and take its time derivative along the solution of (1)

aQ _dS  dN  dT

dP . . . e .
aw a Tt + ¢ Since the parameters are non negative and solutions initiating in Rf remain in

the non negative quadrant, then % +pQ < aS (1 - %) —eN+ vl — fT —hP + pS + pN + pT + pP

2
=(p+a)s+(p-e)N+(ﬂ) T+(p-hPp-2
f k
where p is a nonnegative constant for p > e or p > h given £>0 there exists to such thatt ont> ¢,
% +pQ <m+¢e m= min{(pta), (pTW),(p-e),(p —h)}

Lemma . Let ¢ be an absolutely-continuous function satisfying the differential inequality

do(t)
dt

From the above lemma (Aziz-Alaoui and Daher Okiye. 2003),

a a
+ o, d(t) < ay,t > 0 where(ay, o) € RY, ap # Othen vt > T > 0, (1) < 0(_2 - (oc_z d)(I)) e~ (t=T),
1 1

m+eg
= Q) < Qt)e 0 + ( . ) (1 - estew)

m

Letting t — oo then letting ¢ —0 lim(sup Q) < >

On the initial conditions, the system (1) are bounded.

4 Nonlinear Systems and Stability Analysis
4 .1 Equilibrium points

The equilibrium points of the parametric model (1) is given by steady state equations Z—i = % = % = %. The

system has four equilibrium points and after some algebraic calculations we get the trivial, axial and
non-trivial equilibrium points (Table 1).

Table 1 Stability analysis of equilibrium points.

Equilibrium point Explanation Stable/Unstable
EI{§=0N=0T=0,=0} Trivial saddle point
E2{§=kN=0T=0P=0} infected prey, treatment &predator-free stable
E3{S :%,N =0,T7=0P :%} ) infected prey& treatment free stable
E4{S=S* N=N*T=T* P=P*} Coexistence stable

4.2 Analysis stability and existence of equilibrium points
The jacobian matrix of the system (1) at equilibrium point E=(S(t),N(t),T(t),P(t)) is given by
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my; My 0 —SB
J = Mp1 My 0 —Nj
0 ) Mmss 0
Py Py 0 Myy
cN

asS
where m{; =a—2————
1 k 14N ’

mys =S( < +L),

T 14N (1+N)2

cN
Ma1 = 4N
cS . cNS
My, =———jP—8—e—
22 =) (1+N)?

m33 =V_f, m44_ :¢N+¢S_h
based on the condition of eigen values, the dynamical system (1) gets stable if all the eigen values are non
positive in case of real roots or non positive real parts in case of complex roots of the characteristic equation

for the above jacobian matrix. Otherwise the system is unstable.

Theorem 5. Given the linearized system of equations (1) is infected prey, treatment and predator-free
equilibrium point. Then the equilibrium point {S = k, N = 0,T = 0,P = 0} is locally asymptotically stable
provided that A; <0, A, <0, A3 <0 & A4 <0 with the condition

d+e>ck,f>v &h>ko.

proof.

The jacobian matrix is

—a —kc 0 -k

0 kc—6-e 0 0
E2=10 5 v—f 0

0 0 0 ké —h

Now the eigen values are
M=-a, M=ck—-d-¢, M=v—f Mm=ka-—h

Hence the equilibrium point (1) is locally stable if 1; <0, 1, <0, 13 <0 & A4 <0 with
the condition 6 + ¢ > ck, > v & h > ko.

Theorem 6. Given the linearized system of equations (1) is infected prey & treatment-free equilibrium point.

Then the equilibrium point {S ;Z,N =0,T=0,P %ﬁm} is locally asymptotically stable provided that A; <0,

A2 <0 with the condition ajk¢ + kBo¢ + ekPo > chkp + ahj, f > v and A; & A4have negative real parts.
proof.

The jacobian matrix is
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[ ah a(-k¢+h —ch h 1
b aCke+h) , B
ko ko ¢ ¢
ch  aj(=ké¢ +h)
E3 = 0 F + T —6—e 0 0
0 1) v—f 0
a(—ko +h) ay(—ko + h) 0 0
L kp kB¢
Now the eigenvalues are
N = —ajko+ckph—Bdok—Poek+ahj Y = v —f
1 kpBo y V2 5
La = 1 —ha+/—4ahk2¢2+4ah2ké+aZh? 1 = 1 ha+/—4ahk2¢p2+4ah2ko+a2h?
37— 5 » Mg — T 7

2 ok 2 ok
hence the equilibrium point (1) is locally stable if 1; <0, 4, <0, with the condition
ajko + kBog + ekPo > chkp + ahj, f>v and A; & A4 have negative real parts.

Theorem 7. The interior equilibrium point {S = S* N =N* T =T*, P=P*} is locally asymptotically stable.
proof.
The Variation of the Jacobian matrix is

My My 0 -S"B
E4 = |M21 Moz 0 -N’j
0 ) M3z 0
P9 Py 0 Mgy
as® _ N’ * * c cN* cN*
Where my; =a—25-—7F — PP, mip =S (—W+m)' Ma1 = o
cS* * cN*s*

Mmy,=—=—-jP -8-—e——=
22 =77 ) (1+N*)2

my3 =v—1f my, =¢yN"+ ¢S —h

The characteristic equation is A(4) = FARE B3/13 + lelz +B 1/11 + By

Where B3 = 4I—(m11+m22 +m33 +maa)

B2 = 61°—(m11+m22+m33+mas)31+m22mss+m22mas+mssmas+mi1m22+mi1mss+miimaa — mizmzz2 + S¥P*Bd

Bi= 4P —(m11 + m22 + m3s + mas)31® + (2m22m33z + 2m22mas + 2ma3mas + 2m22mit + 2mM3smii + 2masmii —
2mi2m21 + 2S*P*Bd + muN*P*jy)l — maamsamas — m22mssmii — M22maamii — M33M4smit + M12mM2ims3 +
m12m2imas+ muiN*P*jy + m12N*¥P*j¢ + m21S*P*By — m22S*P*Bo — m3sS*P*Po

Bo = I*-(m11+m22+m3s+mas)>+(mM11 m22+m11mss+mi1mas+mz2mss+mssmas+ mz2mas + N*P*jy - mizma1)l® -
(mi1m22ms3 + Mi1m22mas + miimsamas + m22mssmas + MuN*P*jy +m3sN*P*jy —mssmiam21 —-masmi2mo1

-m12N*P*jdp)I +m11m22m3zzmas + m1imasN*P*jy — masmasmizm21 — m12mssN*P*j¢
By Routh Hurwitzs criterion, all the eigenvalues of j, have negative real parts if
(1) B3>0,
(i) B;B,> By,
(iii) B3B2B1>B1*+ B3 Bo.

IAEES www.iaees.org



18 Computational Ecology and Software, 2022, 12(1): 12-22

Therefore the given system of the nonlinear differential equation (1) is locally asymptotically stable around the
non negative equilibrium point {S = S* N = N* T = T* P = P*} if the conditions mentioned in the theorem
holds.

4.3 Global stability analysis
We perform a global analysis of the system(1) around the non negative equilibrium point G(S* N* T* P*) of

the coexistence. The following theorem of Lyapunov function A is considered (Hugo et al., 2012; Ackleh et al.,
2021).

Theorem 8. Let A = %(S — S92+ %%(N —N"% + %gz (T—T"?% + %g3(P — P*)? where {;,(,(3>0 are to be
carefully chosen such that A (G) = 0 then G(S*,N*,T*P*) and A=(S,N,T,P) >0 S,N,T,P|G. If the time

derivative of A is % <0,VS N, T,P €'" then it follows that % =0, VSN, T,P € I'*s tends to G* of the

system is Lyapunov stable and % <0 SN,T,PE I near implies that G* is globally stable.

Proof.
P U VI VS PP I PP T
Now by substituting the equations (1) we get,
dA . s NS (CSN . x
S = (5—5)as(1-2) = =5 — BPS} + ¢ (N — N){ — jPN — 8N — eN} + 6,(T — T)(vT — Tf +

6N} + 63(P — P*){yPN + ¢SP — hP}
The above equation becomes

e =6-50{a(1-3) ~ 55— BPH(S = SO} + (N = N) o — jP — 8 — eH{(N = N")} + (T —

k 1+N 1+N

TH{v—f+ STN}{(T =T} +63(P = PH{WN + ¢S — h}{(P — P*)}
By rearranging we obtain,

== {a(1-7) - 55— BPf (N = N2 — P =8 — e} + (T = TOw — f + 7 +

63(P — P)2{YN + ¢S — h} |

Thus it is possible to set Gy, G5, 63>0 such that A <0 is an endemic positive equilibrium point is globally stable.
Therefore it is pointed that the parameters play a key role in controlling the stability aspects of the system
(Hugo and Simanyjilo, 2019).

5 Hopf Bifurcation
In this section we examined the Hopf bifurcation around the interior equilibrium point E4. The parameter a is
basic and represent the growth rate of prey S is identified as a bifurcation parameter. Hopf bifurcation occurs

that the jacobian matrix E4 has a pair of merely imaginary eigenvalues and the other eigenvalues have non

. 2 L .
positive real parts and Re[ Z—a Ila=a, # 0 (Atena and Doust, 2021) . Presume that the characteristic equation at

the interior equilibrium point E4 is as follows:
A+ B+ B+ B + By=0 (3)

For merely imaginary eigenvalues, the coefficients of characteristic polynomial (3) satisfy the following

IAEES www.iaees.org



Computational Ecology and Software, 2022, 12(1): 12-22 19

condition:

B3B2Bi - Bs*Bo.- Bi*=0
Suppose i is a pair of merely imaginary eigenvalues corresponding to ag. We solve from the characteristic
equation (3) tends to a (Hui Cao et al., 2021)

[427+ 383>+ 2B+ B1] 5 +(A3 dB3 J2 382y dBZ z ‘;‘?) =0
dB3' 12 dBZl AdBll dBg
hence = —( duda 4)

423 + 3B3A2 + 2B,A + By

We substitute i in to equation (4), we have

dB3 ®w?dB,, iwdBy, dB
i3 983 2, 1, dBg
aa | — _( i da da ' da  da
da ''® —4iw3— 3B3w? + 2B,iw + By

Hence

[Bl—3B3w2][dB° 2dBZ]+[ZBzu) 4w3][w3d33 w1

da)

da
Re( i) =-

[B1—3B3w?]%2+[2B,w—4w3]?

Theorem 9. Consider the bifurcation parameter as ’a’ then System (1) sustains a Hopf bifurcation provided.

]);eo

dB, 5 dB,

aBy _ dB
([B; — 3B3w?] [E - E] + [2B,w — 40?] [ 32— .

6 Numerical Results
The system of the nonlinear differential equation (1) for the numerical solution. In this section we existing
computer reflection of solutions under stability analysis.

1. First we  take the  parameter of the system  as (B,k,w,j,0,9,c,f,0,e,h,a)
(1.05,1.25,0.23,0.545,0.005,1.236,1.450,0.212,2.024,2.05,2.11,1.07) at the population (S,N,T,P) =
(10.25,10.46,10.06,10.13) The given system is asymptotically stable (Fig. 1).

Fig. 1 Rossler type of prey-predator is asymptotically stable.
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2. If we take the parameter of the system as mentioned above in point (1). Then the initial condition
satisfies (S,N,T,P) = (10.2,0,0,0) is susceptible prey population (Fig. 2).

1.2500003
1.2500002
1.2500001 |
sy 1.2500000
1.2499999
1.2499998
1.2499997

30 40 50 60 70 80 90 100

i

Fig. 2 The stability analysis of susceptible prey.

3. If we take the parameter of the system as mentioned above in point (1). Then the initial condition satisfies
(S,N,T,P)=((1.2,0,0,1),(1.2,0,0,1.2)) the contact rate of susceptible prey and predator interaction (Fig. 3).

1.6
P(t)
1
St
0.6 [
0
0 0.2 0.4 0.6 0.8 1

Fig. 3 The stability analysis of susceptible prey and predator interaction.
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4. If we take the parameter of the system as mentioned above in point (1). Then the initial condition satisfies
(S,N,T,P)=((1.2,0.1,1,1),(1.3,0.6,0.7,0.2),(1.2,0.6,1.7,0.1),(1.2,1.46,1.7,1.2)) the contact rate of preys, treatment

and predator interaction (Fig. 4).

S(t)

30 40 50

Fig. 4 The stability analysis of susceptible-infected prey, treatment and predator interaction

7 Discussions and Conclusions
In this paper, we developed an epidemiological of S-I-T model. We conclude that our system of
susceptible-infected prey, treatment and predator model the disease will spread in healthy prey. We take some
control measure to reduce the spread of disease, the treatment will give for infected prey through vaccination
and another is self quarantine. There must be some time lag called the raise of immunity power where steps to
be taken by the control measure during this process. We assumed that the prey grows logistically. The system
with time sustains a Hopf bifurcation around E* at a=a* taking time delay ’a’ as bifurcation parameter.

This model analyzed the stability and the following conclusions were drawn (Table 1):
(i) If we analyze the second equilibrium point no interaction take place only the susceptible prey attains
oscillatory dynamics of this model because of the absence of predator and infected prey (Fig. 2).
(i) If the interaction occurs only in susceptible prey with predator, then the prey population size tends to
normal growth but predator increases (Fig. 3).
(iii) In the interior equilibrium values, we conclude that the treatment given for infected prey then it will be
decreasing and also affects the predator reduced completely. The susceptible prey decreases first and then
increases towards its normal growth because of treatment given for infected prey recovered (Fig. 4).

The equations may reveal chaotic oscillation and attractor that may comes due to Rossler system. So all
our significant diagnostic findings are numerically verified using Mapple. Hence we recommend that the self
quarantine and natural or herbal medicines, yoga or meditation is the best way to avoid the spread of disease in

prey population.
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