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Abstract

A polynomial time algorithm for solving the minimum-cost network flow problem has been proposed in this
paper. This algorithm is mainly based on the binary representation of capacities; it solves the minimum-cost
flow problem in directed graph of n nodes and m directed arcs as a sequence of O(n?) shortest path problems
on residual networks. The algorithm runs in O(n’mr) time, where T is the smallest integer greater than or
equal to Log,B, and B is the largest arc capacity of the network. A generalization of this proposed algorithm
has been also performed in order to solve the minimum-cost flow problem in a directed network subject to
non-negative lower bound on the flow vector. A formulation of both the transportation and the assignment
problems, as a minimal cost network flow problem has been also performed. A numerical example has been
inserted to illustrate the use of the proposed method.
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1 Introduction
The minimum-cost network flow problem is a generalization of the maximum flow problem. It is one of the
most fundamental network flow problems. The problem has applications to a remarkably wide range of fields,
including chemistry, physics, computer networking, most branches of engineering, manufacturing, public
policy and social systems, scheduling and routing, telecommunications, and transportation (Ahuja et al., 1993).
Different approaches have been proposed to solve the minimum- cost flow problem. The classical algorithm
for minimum-cost flow problems is the Fulkerson's Out of Kilter algorithm (Ford and Fulkerson, 1962; Zhang,
2017) which is essentially a primal method and runs in exponential time in the worst case.

There are a number of different polynomial time algorithms for the minimum-cost flow problem as: the

capacity-scaling approach of Edmonds and Karp (1972) with running time O ((m logB )(m+nlogn )) on
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networks with N nodes, M arcs and maximum arc capacity B , the cost-scaling approach of Goldberg and

2
Tarjan (1990) which runs in O (nm log—log an time on networks with maximum arc cost magnitude
m

C , the double scaling of both costs and capacities of Ahuja et al. (1992) which solves the problem in

@) (nm loglogB lognC ) time in the worst case, the strongly polynomial time of Orlin (1991) with running
time bounded by O ((m Iogn)(m +n Iogn))and the primal network simplex polynomial time of Orlin

(1996) which runs in O (min (n’m1lognC,n’*m?logn ))time at most.

One important idea is common to all first four of these algorithms, that of scaling or successive
approximation. Scaling algorithms work by solving a sequence of sub-problems whose numeric parameters
more and more closely approximate those of the original problem. A solution for one sub-problem helps to
solve the next sub-problem in the sequence.

In this paper, an efficient polynomial algorithm is presented for determining the minimum-cost flow in a

network with an upper bound O (n”m r)on the number of arithmetic operations, where n, m are the
numbers of nodes and arcs of the network respectively and r is the smallest integer greater than or equal to

log B, where B is the largest arc capacity of the network. The algorithm is basically based on the binary

representation of capacities; it solves the minimum- cost flow problem as a sequence of O (nz)shortest path

problems on residual networks (Zhang, 2016).

A generalization of this proposed algorithm has been also performed, in this paper, in order to solve a
minimum-cost flow problem in a network subject to nonnegative lower bound on the flow vector.

A formulation of the transportation and the assignment problems as a minimal cost network flow problem
has been also achieved in this paper.

2 Preliminary Problem

In this section we define the minimum-cost flow problem and introduce the terminology and notation used
throughout the paper.

2.1 Minimume-cost flow problem statement

Consider a directed graph (digraph) G = (\/ ,E) consisting of a setV of nodes and a set E of arcs whose
elements are ordered pairs of distinct nodes. A directed network is a directed graph with numerical values
attached to its nodes and arcs. Let n :}\/ | and m :|E|, we associate with each arc k =(i,j)<E a
nonnegative integral unit cost C, and a nonnegative integral capacity b, . Frequently, we distinguish two
special nodes in a graph, the source S and the sink t . Anarck = (i v ) € E hastwo end points i and | , the
node i is called the tail and node | is called the head of arc K . The arck = (i ] )is said to emanate from
node i, thearc k = (i v )is an outgoing arc of node i and an incoming arc of node | . The arc adjacency
list of node 1, E(i), is defined as the set of arcs emanating from node i, i.e,
E(i)={k =(i,j)€E : j €V }. The degree of a node is the number of incoming and outgoing arcs at that
node.
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The total cost of a flow X from source node S to sink node t is ZCka and let its value be z . The
. . . . keE . :
problem is to find a maximum flow of minimum-cost among the sourcé node S and the sink node t with

value z "~
A flow is a value X on arcs satisfying the following constraints:
Xy <b; V(i,]) e E (capacity constraint),
X; =—X; V(i,])eE (flow anti-symmetry constraint) and
ZX” =0 Vi eV \{s,t} (flow conservation constraint).
¢4l a flow x extreme if it is of minimum-cost among flows with value X -
2.2 Labeling function
A labeling function (potential function) U is defined as a function from nodes to the real numbers, i.e.,
u:V — R, where R denotes real numbers. The X and U are called compatible if the flow X and labeling
function U together satisfy the following conditions: forarc (i, j) € E
If ¢; =c; —(u; —u;)>0, then x; =0,
If ¢; =c; —(u; —u;) <0, then X;; =by,
If C; =c; —(U; —u;)=0,then 0<x; <by,
C; =C; —(u; —Uu;) is called the reduced cost of the arc (i, J).
2.3 Residual network
A residual network G (X ) corresponding to a feasible flow X is defined as follows: forarc (i, j) € E

If X; <by, then there is a forward arc (direct arc) (i,])has flow x; >0 and reduced cost
C_ij =G _(Uj _ui)201
If X;; =Dy, thenthearc (i, j)is ignored,

IfX; >0, then there is a backward arc (reverse arc) (j,i) has flow X; =-X; <0Oand reduced cost
C; =—C; +(U; —u;)=0,

If x; =0, thenthe arc (]J,i)is ignored.

2.4 Artificial arc

We introduced on network an additional arc (t,s) has cost C,, = 0 and capacity b, = .

3 Minimum-Cost Flow Algorithm with Zero Lower Bound on The Flow Vector

This algorithm solves the minimum-cost flow problem in polynomial time with zero lower bound and b upper
bound on the flow vector X i.e. 0< X, <b, forall arcs kK =1,...,m on the network G = (V JE ) , and also
it is considered that b, <ooforall k =1,...,m.

Initialization ;
Set b, =Y _b?2* forallarcs k =1,...,m /binary system where b = 0or 1/
Set r :=+1
Setu, :=0 forallnodes i =1,....n /s=Lt=n/
Set X, :=0and b, :==0forallarcs k =1,....,m
Set X, :=0 /total flow/ and z := 0 /total cost/
Iterations
While(1) (r >1), then do
Set r:=r—land z =2z
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Set X, '=2X, and b, :=2b, forallarcs kK =1,...,m
Set X, = 2X,,
Set k =1
While(2) (k <m), thendo /scanarcs kK =(i,])/
If(1) b, =1, then do
Letb, ==b, +1
If(2) ¢, =¢, —(U; —u;) <0, thendo/k =(i,j), ¢, =0/
Do procedure D (J,1)from j to i on the residual network G (X)
If3) i €p,thendo
Set X, =X, +1
Set X, =X, +1 for all forward arcs | on the shortest path z of
reduced costs from j to 1 in G(X)
Set X i ==X —1 forall backward arcs | =(f ,g)on the
shortest path
Setz =z +C,  /C, =c, —(u; —u;) with new node
potentials U; and U, /
End If(3)
If(4) ¢, =¢, — (U, —u;) <0 /with new node potentials U; and u; /
Set U, :=U, —C; for all nodes € =1..,nande # |
End I1(4)
End I(2)
Do procedure D (S,t)from Sto t on the new residual network G (X )
If(5)t € p, thendo
Set X, =X, +1
Set X, :=X, +1 for all forward arcs | on the shortest path z of
reduced costs from S to t in G (x)
Set X =X —1 forall backward arcs | = (f ,g)on the
shortest path 1
Setz =z + (ut —us) /with new node potentials U, and U, /
End If(5)
End If(1)
Set k ==k +1
End While(2)
End While(1)
Setu, :=u, —u, forall i =1,...,n
End the algorithm

3.1 Procedure D (j,i") (A variant of Dijkstra's algorithm)
This procedure gives the shortest path of reduced costs between j* and i on the defined residual network

G (x) based on Dijkstra’s algorithm
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Initialization
Set p =9,
Set | :={1,2,...,n},
Setg =0 e e
Set d; :{0 ti=]
Iterations
While (I # ¢) do
Let h::inf{di \i el}
If(h=0ord,.=g)do
Setd, ;=g forall i €l

T, forall j =1,...,n
if j=#]

Set | :==¢
Else do
Set g :=h

Find i €l suchthatd, =g

Set I :=1\{i}and p:=pufi}

Forall j €l ,suchthat (i, j) isanarc in the residual network, do
If (d; >g +C;;) do /€ >0 reduced cost/

Setd; =g +C;
Set pred (j):=i
End If
End For all
End If
End While
Setu, :=u, +d, foralli =1,...,n

End the procedure

Notes

1. After the application of the procedure D (j~,i ") on the defined residual network, new potential function
u will be re-determined.

2. After the application of the procedure D (j~,i ") on the defined residual network, it is found that the set
P # @ because j € p at least.

3. After the application of the procedure D (j *,i ") on the defined residual network, if i~ € p , then there is a
path between j~ and i~ on the defined residual network else there is not any path between j~ and i~ on
the defined residual network.

The following procedure determines the shortest path of reduced costs x defined by nodes on the defined
residual network from j to i~ in the case when there is a path between themie., i €.
3.2 Identification of the shortest path from j~ to i~ on the defined residual network

Initialization
Seti:=i"
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Set 4= {i}
Iterations
While (i # ") do

Set j :=pred (i)

Seti =]

Set pi={i}uu
End While
Comments

1. It is to notice that, in pending the execution of the algorithm the compatibility conditions between the
current flow X and the current potential function U must be satisfied. In the contrary case it is necessarily
to change the current potential function as follows: forarc (i, j) € E
oIf C; <0 and x; <b
e=1..,nande # j
oIf ¢; >0 and Xx; >0, then we will change the node potentials to be: U, :=u, +C; for all
e=1..,nande #i
2. The procedure D (],i1)is applied when C; <0, in this case, there are two possibilities, the first one is

i » then we will change the node potentials to be: U, :=u, —C; for all

I €p(there is a path gfrom jto i) in this case, it is found that z ,, <z, Wwhen the arc
(t,s)e¢ pand z ., >17,, when the arc (t,S) e . The second one is i & p in this case, Z dos not
change but the node potentials will be changed.

3. When we apply the procedure D (s,t), there are also two possibilities, the first one is t € p (there is a path
from S to t) in this case, it is found that z ,, >Z, . The second one is t & p , in this case, it is found
that, z dos not change but the node potentials will be changed.

4. The new reduced cost C;; (new )is equal to the old reduced cost C; (0ld ) minus the deference between

d; and d; because: forarc (i, j) € E

Cy (new ) =Cj _(Uj -u;)
=c; —(u;(old)+d; —u; (old) —-d,;)
=c; —(u; (old) ~u, (old)) - (d; —d;)

C_ij (new) :C_ij (OId)_(dj -d;)
5. The reduced cost C; of the arc (], 1) is equal to the inverse reduced cost C;; of the arc (i, j)and verse

versa because: forarc (i, )€ E
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C_ji =Cji _(Ui _Uj)

=—Cj _(Ui _Uj)
:_(Cij +(ui _Uj))
:_(Cij _(Uj _Ui))
=_C_ij

3.3 Complexity of the algorithm with zero lower bound on the flow vector

The time taken by the procedure D (j",i"), which is based on Dijkstra’s algorithm is O (n?) arithmetic
operations, where N is the number of nodes in the network G = (V , E) .The maximum number of iterations
of the algorithm is m x r ,where m is the number of arcs in the network G = ,E)and r is the smallest
integer greater than or equal to logB , where B is the largest arc capacity of the network. The procedure
D(j",i")is applied twice times in each iteration, then the time taken by the algorithm is at most
O (n*mr) arithmetic operations.

4 Minimum-Cost Flow Algorithm with Nonnegative Lower Bound on The Flow Vector

This algorithm solves the minimum-cost flow problem in polynomial time with a >0 nonnegative lower
bound and b upper bound on the flow vector X ie. 0<a, <x, <b, for all arcs k =1,...,m on the
network G = (V ,E ), and also it is considered that b, <coforall k =1,...,m.

It is supposed that there is a nonnegative lower bound a >0 on the flow X in the network G = (V E ) i.e.
0<a, <x, <b, thisimplies that

0<x,-a <b, —a forallarcs k =1,...,.m.

Let y, =X, —a, and b, =b,—a  for all arcs k =1,..,m, which implies that X, =y, +a,,
b, =b, +a,and 0<y, <b, forallarcs k =1,..,m .

Using the conservation constraint, it can be see that

n n
inj =ijs for all nodes j =1,...,n 1)
i=1 s=1
From another hand, we have

n n n

D ox; =Dy +.a; forallnodes j =1,...,n @)
i=1 i=1 i=1

n n n A
DX =D.Y + .3, forallnodes j =1,...,n 3)
s=1 s=1 s=1

Using (1), (2) and (3), it can be found that

n

n
DYy =2 +W, forallnodes j =1,...,n
i=1

s=1
n n

where w ; = > a —Zaij forall nodes | =1,...,n
=1

S i=1

An arc of capacity W and zero cost is added in the node j where, j =1,...,n, we define also a new

IAEES WWW.iaees.org



Network Biology, 2021, 11(2): 82-96 89

source (super source) called S~ and a new sink (super sink) called t .

In the case of W ; > 0, then an outgoing arc in the node j of the form (] ,t7) is added where, its capacity
is b;* =W and its cost is Cjt* =0 , in the case of w; < 0, then an incoming arc in the node j of the form
(s”, j) is added where, its capacity is b:*j =W and its cost is C_., = 0, in the case of W ; =0, then there
is not any arc added in the node | . These added arcs are at most N arcs called auxiliary arcs. A special arc of
the form (t”,s") is also added where, its capacity is b . = co and its costis C .. =0.

This new defined digraph will be denoted by G (V ", E "), where it is consisting of the same set of nodes
V added to it the super source S~ and the super sink t~ with V *‘ =n"=n+2, the same set of arcs E added

to it all auxiliary arcs with ‘E *‘ =m’, where m <m” <m +n and the two special arcs (t,s) and (t",s")..
Let w is the sum of capacities of auxiliary arcs which have strictly positive capacities i.e.

w = Z W, and let z, denote the total cost of the flow X with nonnegative lower bound on X and let
{iev w;>0}

z, denote the total cost of the flow y with zero lower bound on Yy , then it can see that:

m m m m
Z, :zckxk :zck (yk +ak):ZCkYK +chak
k=1 k=1 k=1 k=1

m
Z,=7,+Ca,
k=1
Initialization

q
Set by =) b?2* forallarcs k =1,...,m" /binary system where b =0or 1/

a=0
Set r:=q+1
Setu, :=0 forallnodes i =1,...,n" /s=Lt=n,s" =n"-Lt =n",n"=n+2/
Set y, =0 and b, :=0forallarcs k =1,....m"
Set Y, =0 /total flow/ and z , := 0 /total cost/
Sety..=0

Set w = Z w
i/ w,>0}

j

Iterations

While(1) (r”" >1), then do
Setr :=r -landz, =2z,
Set y, =2y, and b, :=2b_ forallarcs k =1,...,m
Set Y, =2y, and Y .. =2y ..
Set k :=1

While(2) (k <m”), thendo /scanarcs k = (i, j)/

If(1) by =1, thendo
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Letb, :=b, +1
If(2) €, =¢, —(u; —u;) <0, thendo/k =(i,j), c,=0.C..=0/
Do procedure D (j,i)from j to i on the residual network G "(y)
If3) i €p,thendo
Sety, =y, +1
Set y, =Yy, +1 forall forward arcs | on the shortest path 1
of reduced costs from j to i in G (y)
Set Y =Y, —1 forall backward arcs | = (f ,g)on the
shortest path
Setz, =z, +C, IC, =C, —(U; —U;)with new node
potentials U; and U, /
End If(3)
If(4) ¢, =¢, —(u; —u;) <0 /with new node potentials U; and u; /
Set u, :=u, —C; forallnodes e =1,....n"and e # j
End I1(4)
End I(2)
Do procedure D (s™,t") from s to t~ on the new residual network G " (y )
If(5)t" € p , then do
Sety..:=y..+1
Set y, :=y, +1 forall forward arcs | on the shortest path 1
of reduced costs from s to t"in G ()
Set Y ==Yy —1 forall backward arcs | = (f ,g)on the shortest
path u
Setz, =z, 6+ (ut* —us*) /with new node potentials u. and ut*/
End If(5)
Do procedure D (s,t)from Sto t on the new residual network G (y )
If(6)t € p, thendo
Sety,, =Y, +1
Set y, :=Y, +1 forall forward arcs | on the shortest path
of reduced costs from s to t in G (y)
Set Y =Y, —1 forall backward arcs | = (f ,g)on the
shortest path
Setz, =z, + (ut —us) /with new node potentials u, and U, /
End 1f(6)
End If(1)
Set k ==k +1
End While(2)
End While(1)
Setu, :=u, —u, forall i =1,...,n
If (7) (Y- <W ), then, the network G (V' , E ) has no feasible flow
Else Set X, =y, +a, forallarcs k =1,...,m
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Setb, =b, +a_forallarcs k =1,...,m

m
Setz, =z, + Y aC,

k=1

End 1(7)

End the algorithm

Notes

1. The quantity w = Z W | is the maximum flow in the network G'(V ",E"), then, we always have
e/ w; >0}

(Y- SW), where y .. isthe flowin G'¢ ",E”).

2. In the case when all auxiliary arcs in G™(V *,E ") are saturated, i.e. y .. =W , then the flow y is optimal
inG"(V ",E”) and consequently the flow X =Yy +a is optimal in GV ,E).

3. In the case when there are some auxiliary arcs in G *Q/ " E *) are not saturated, i.e. Y .. <W, then the
flow Yy isoptimal in G (¢ ", E ") and consequently there is not any feasible flow X in G ,E).

Complexity of the algorithm with nonnegative lower bound on the flow vector: The time taken by the
procedure D (j,i "), which is based on Dijkstra’s algorithm is O ((n")?) arithmetic operations, where n” is
the number of nodes in the network G~ = (Y " E*) .The maximum number of iterations of the algorithm is
m” xr” where m”is the number of arcs in the network G = *,E ")and ris the smallest integer greater
than or equal to logB , where B is the largest arc capacity of the network G™ =/ *,E ). The procedure
D(j",i")is applied triple times in each iteration, then the time taken by the algorithm is at most
O((n")*m’r") arithmetic operations.

5 Minimum-Cost Flow Problem with Infinite Upper Bound on The Flow Vector

Two cases have been treated before in this paper, the first one is when there are a zero lower bound and a finite
upper bound on the flow vector X i.e. 0< X, < bk < oo forall k =1,...,m and the second case is when
there are a nonnegative lower bound and a finite upper bound on the flow x ie. 0<a, <X, <b, <o for
allk =1,...,m.

Now, two additional cases will be treated, the first one is when there are a zero lower bound and an infinite
upper bound on the flow X ie. 0<x, <b, <o forall k =1,...,m . The second case is when there are a
nonnegative lower bound and an infinite upper bound on the flow X i.e. 0<a, <x, <b, <oo for all
k=1..m.

In the case of 0< X, <b, < oo forall k =1,...,m, we will do the following procedure:

Procedure
This procedure constructs an auxiliary network derived from the original network G = (V , E ) and also tests if
the original minimum-cost flow problem has a feasible solution or not.

Initialization /auxiliary network/
Foreacharc (i, ) € E , thendo
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If b; = oo then, there is a forward arc (i, J) has a reduced cost ¢ =1
If b <oo thenthearc (i, J)is ignored

Iteration

Do procedure D (s,t) from s to t on this auxiliary network.

If there is a path goes from Sto t , i.e. T € p, then the maximum flow is infinite and the minimum-cost flow

problem does not have any finite feasible solution, else the maximum flow is upper bounded by the value of

p :{ Z }bij . In this case we will change the infinity oo in the original network G = (V ,E) by
(i,j)iep&je/ \p

the value of £ and solve it anew by the proposed algorithm.
Now, in the case of 0<a, <X, <b, <o for all k =1,..,m, we will change it to the case of

0<y, <b, <o forall k =1,...,m, where y, =x, —a, and b, =b, —a, forall k =1,...,m, and we

repeat the same procedure used before in the first case.

6 Formulating The Transportation and The Assignment Problems As A Minimal Cost Network Flow
Problem
The transportation and the assignment problems can be formulated as a minimum-cost network flow problem
on a bipartite digraphG =(V =V, UV,,E), where V ={l,..,n}is the set of sources,
V, ={n,+1,...,n}is the set of sinks, With}\/ |= n,and E={(i,j):i eV, j eV,}is the set of arcs
with|E | =m . The unit shipping cost from i €V to J €V,is ¢; . Node i €V, has a positive integral supply
0,, and node j €V, has a positive integral demand of hj . The transportation problem is to find a flow
X € R[", that satisfies the supply-or-demand at minimum cost.

An artificial source (S) has been added and artificial arcs of the form (s,i) (i =1,...,n,) have been also
defined, they have capacities by =0, (i =1,...,n;)and costs c; =0 (i =1,...,n,).

An artificial sink (t) has been added and artificial arcs of the form (j,t) (J =n,+1,...,n) have been
also defined, they have capacities b;, =h; (j =n,+1,..,n)and costs c;; =0(j =n, +1,...,n).

The arcs of the form (i,j) (i =1..,n,j=n+1..,n) have capacitiesb; =/, where
n; n
£ =min ZOi, Z h; {and costs C;; .
i=1 j=n+1
when 0, :hj =1for all i =1..,nand j=n,+1..n, then the problem is called the assignment

problem.
The both, the transportation problem and the assignment problem can be easily solved by the proposed
algorithm as a minimum-cost network flow problem, in polynomial time.
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7 Conclusion

Using the binary representation technique of capacities, a polynomial time algorithm for the minimum-cost
flow problem has been developed in this paper. The algorithm runs in O (nzm r)time, where n, m are the
numbers of nodes and arcs of the network G (V ,E ) , respectively and r is the smallest integer greater than or
equal to log B , where B is the largest arc capacity of the network. The algorithm solves the minimum-cost
flow problem as a sequence of O (n?) shortest path problems on residual networks.

A generalization of this algorithm has been also performed in order to solve a minimum-cost flow problem in
a network with nonnegative lower bound on the flow vector.

8 Illustrative Example

The demonstration of the proposed algorithm for solving the minimum-cost flow problem will be done though
the following numerical example presented analytically in Table 1 and graphically in Fig 1.

Table 1 Arcs notations, arcs capacities, arcs costs and lower bounds on the flow vector.

Arc Arctail | Arc head Arc Arc cost Flow lower Flow lower
K = (i , J ) i j capacity c, bound bound

b, 3 cH
1 1 2 50 3 15 45
2 1 3 30 6 7 25
3 1 4 15 8 5 15
4 2 3 50 2 5 20
5 2 5 25 2 3 25
6 3 4 15 2 5 15
7 3 5 45 1 4 40
8 3 6 10 3 2 10
9 3 8 15 8 4 14
10 4 6 10 1 5 9
11 4 9 20 3 4 19
12 5 7 90 9 1 33
13 5 8 10 8 5 8
14 6 8 60 5 1 40
15 7 8 10 1 2 10
16 7 11 10 2 4 5
17 8 10 10 1 3 3
18 8 11 80 4 50 60
19 9 8 20 2 4 16
20 9 10 10 3 5
21 10 11 10 3 3 7
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Fig. 1 Diagram of the example with a' lower bound on the flow vector.

The solution found by the proposed algorithm is given analytically in Table 2 and graphically in Fig 2.

Table 2 The solution of the proposed minimum-cost flow problem.

Arc Arctail | Arc head Arc Arc cost Arc flow Arc flow with
K = (i ’ J) i j capacity c, with ak2
b, Ch
1 1 2 50 3 50 The minimum-
2 1 3 30 6 20 cost flow
3 1 4 15 8 15 problem has no
4 2 3 50 2 25 feasible flow
5 2 5 25 2 25
6 3 4 15 2 15
7 3 5 45 1 5
8 3 6 10 3 10
9 3 8 15 8 15
10 4 6 10 1 10
11 4 9 20 3 20
12 5 7 90 9 20
13 5 8 10 8 10
14 6 8 60 5 20
15 7 8 10 1 10
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16 7 11 10 2 10
17 8 10 10 1 3
18 8 11 80 4 68
19 9 8 20 2 16
20 9 10 10 3 4
21 10 11 10 3 7

Total flow
is

X, =85

Total cost is

z =1475

2=

o o
¥ T i
N 8 o
B i
s I
% a
d 5
a1
= = =2 A
@ b 30,c=6, X 0=/

=q
p
S\

2'GT
=16

e 'z
=2, X

ST

S,
!
c
O,
\\j)
7
b=20,c

b=20,c=3, x=20

x=85, z=1475

Fig. 2 Diagram of the solution with a' lower bound on the flow vector.
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