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Abstract

The current study is based on a predator-prey model with infection that affects only predator species.
Predators are divided into two categories such as the susceptible predator and the infected predator, which are
feeding on prey species. The Takagi-Sugeno (T-S) based fuzzy impulsive control model was used to explore
the stability of the Lotka-Volterra predator-prey system. Numerical simulation provides global stability and
the fuzzy solution.
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1 Introduction

Disease’s impact on ecosystems is a significant topic from both a mathematical and an ecological point of
view. As a result, ecologists and academicians have been focusing more and more on the creation of key tools,
as well as experimental ecology, to characterize how ecological species are infected (Zhao and Zhang, 2013;
Zhang and Liu, 2023). Lotka and Volterra made the first breakthrough in contemporary mathematical ecology
for a predator-prey competing species.

The study of disease transmission in animals is known as epidemiology. Following Lotka and Volterra’s
(Volterra, 1926) pioneering work on the predator-prey model, the latest mathematical ecology has attained an
essential position in analytical biology (Maitiet al., 2007; Li and Zhu, 2009; Haque, 2009; Shakil et al., 2015).

Maximum models for the transmissible diseases are framed based on (Kermack and Kendrick,
1927)famous work. The first to combine the fields, ecology and epidemiology are Anderson and May
(Anderson and May, 1986), they constructed a predator-prey model in which predator species were infected by
disease. In the following period many authors (Haque and Venturino, 2006; Baek, 2010; Haque, 2011;Wang et
al., 2013; Elenaet al., 2013; Ferrarini, 2015; Liu and Liu, 2020; Kumari and Mohan, 2021) investigated and
developed different predator-prey models in existence of disease. Recently, there has been an extensive
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improvement in a fishery’s bio-economic management in presence of some infection (Bairagi et al., 2021; Hu
et al., 2022).

The consequence of infection in predator-prey model with disease in prey has been investigated
enormously in last few years by many researchers. In 1986, the infectious disease transmission into a predator-
prey model has been introduced, assuming that the infection is only transmitted inside the prey species
(Anderson and May, 1986). The traditional Lotka-Volterra predator-prey model, in which infection spreads
among either the prey or the predator (Greenhalgh and Haque, 2007). However, a very less study has been
done with infection in predator (Tseng et al., 2001; Wang et al., 2015).

Venturino examined the local properties of eco-epidemic models in predator-prey systems with disease
only in the predator population. The infectious disease in the Holling Tanner predator-prey model recorded a
number of interesting results (Greenhalgh and Haque, 2007). They concluded that disease in any species can
be used as a biological control.

Almost all the physical dynamical systems in real life cannot be represented by linear differential equations.
The non-linear model is analyzed with the help of Takagi-Sugeno Fuzzy model. The fuzzy model proposed by
Takagi and Sugeno is described by fuzzy IF-THEN rules which represent local input-output relations of a
nonlinear system. The main feature of a Takagi-Sugeno fuzzy model is to express the local dynamics of each
fuzzy implication (rule) by a linear system model. It develops a systematic approach to generate fuzzy rules
from a given input-output data set. Until recently, less work has been done on the stability of Lotka-Volterra
predator-prey system with fuzzy impulsive control. The T-S method is very useful as it is less time consuming
and easy to solve complex systems. We can easily analyze the stability of complex systems using T-S method
(Lin et al., 2022).

In this paper, we look at predator-prey model system with eco-epidemiological implications with three
species: prey, susceptible predator, and infected predator, in which disease solely affects the predator
population.

2 Model Formation
Our mathematical model is based on the following assumptions:

e When there’s no predator, the prey population expands operational with a per capita constant r growth
rate and a carrying capacity of the environment ¢ = r/e, where e represents the prey’s intra-specific
competition.Thus,

% =rx (1 — ;) (D

where x(t)denotes the prey population at time.

e The whole predator population z(t) is split into two classes in the presence of injurious infection,
among one is the susceptible predator s(t) and the other is the infected predator i(t). As a result, the
overall predator population density at time ti s —

z(t) = s(t) +i(t) 2)

e We believe that the disease is solely affecting the predator species, and that the prey population is
unaltered. The population of diseased predators does not recover or develop immune system.

e For the susceptible predator and the infected predator, the predation rate or searching efficiency
constants are m and n, respectively, because the susceptible predator is more effective than the
infected predator; therefore, we assume that the prey is eaten by the susceptible predator based on the
basic mass action occurrence. According to the Holling type - Il functional response, the diseased
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predator eats the prey. We assume that the susceptible predator has no handling time, and the infected
predator has a non-zero handling time, which obviously depicts a better ecological situation than
assuming both predators have the same predation rate.

e We presume that the disease spreading is governed by the basic rule of mass action.

e Let D is the predator’s natural death rate, B is the predator’s birth rate, and v is the predator’s disease-
related mortality rate.

We propose the following model utilizing a set of nonlinear differential equations based on the above
assumptions:

nxi

x' =rx —ex?—mxs —— 3
A+x

s" = fymxs — Bis + (B — D)s (4)

Py +f2nxi_ . (5)

i' = Bis e Vi

here all the parameters r,e,m,n,y, 8, are positive and (B — D)can be either sign. Ais the half saturation
constant, f;, f»is the food conversion rate such that 0 < f;, f, < 1, Bis the rate of transmission of a force of
infection.

A matrix differential equation is stated as follows to analyze the system’s stability:

X =Ax + ¢p(x) (6)
where
%(t) - 0 0 —ex? —mxs — %
x=|s)|], A=|0 (B—-D) O l,d)(x) = fimx — Bis
i(t) 0o 0 -y pis + 2t |
A+x

3 T-S Fuzzy Model With Impulsive Effects

Let x = f(x(t)), here the state variable is x(t) € R™, and f € C[R"™, R™] fulfills the condition f(0) =0, is a
compact vector field defined in W < R™. Using the techniques proposed by Tanaka and Wang (Tanaka et al.,
2001; Wang et al., 2012). We can build a fuzzy model for system (3-5) as shown below:

3.1.1 Control Rule i (i=1, 2,...r):

IF z,(t)is My, zy(t)is M;, ... and z,(t)is M;, THEN x = A;x(t), where r is no. of T-S fuzzy rules,
z1(t), z;(t), ..., z,(t)are the premise variables, each M;;is a fuzzy set and A € R™™ is a constant matrix .
Thus, the non-linear equations can be transformed into the following linear equation.

If x(t) is M;then,

X (t) = Aix(t),t # 7 (7)

Alx) = Kl-jx(t),t =1,i=123,..1j=12,.. (8)

where
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T — Zl - ZZ - Z3 0 O
Ai = f122 —Zy + (B - D) 0
f223 Zy 4
and z,, z,, z3, z, are related to the values of x(t), s(t), i(t) (here z; = ed,, z, = md,, z3 = %, Zy =
1

Bds). M;, X(t), A; € R*3, r is the number of the IF-THEN rules, K;; denotes the control of the ji,
impulsive instant, A(x) le=r;= x(Tj — Tj—1).
With center-average deffuzifier, the T-S fuzzy impulsive system may be written as:

() = Yo hi(z(0) (A4x(@®); t# 7 9)
A(.X') = 7{:1 hl(Z(t)>Kl], t= T (10)
where,

hi(z(1) = wi(z()/ Tiey wi(2(1)), w;(z(1)) = 5-;1 M;;(z(2)).
Obviously, h;(z(t)) = 0, ¥i_ hi(z(®)) =1,i=1,2,..1.

4 Stability Analysis

Now we’ll look at the impulsive fuzzy system’s numerous stability (9) by considering the following theorems.
4.1 Theorem

Assume that A; is maximum eigen value of [A] +A4;] (i =1,2,3,..7). Let A(a) = max;{1;}, 0 < §; =
7j — Tj_4 < o is an impulsive distance. If A(a) = 0 and there exists a constant scalar e > 1 and a semi-
positive matrix P, such that:

In(ef;) + A(a)8; < 0 11
where

P =C"C, B; = maxC(I + K;;) (12)
then the system (9-10) is stable globally and asymptotically.

4.2 Theorem

Assume that 4; is maximum eigen value of [AT + A;] (i = 1,2,3,..7). Let A(a) = max;{4;}, 0 < & =

7j — Tj_, < ois an impulsive distance. If A(a) < 0 and thereexists a constant scalar 0 < € > —A(a), such
that

In(f) —e6; <0 (13)

where

PA; = A;P,P = C"C, B; = maxC(I + K;;) (14)

then the system (9-10) is stable globally and exponentially.

5 Numerical Simulation

Since most of the biological systems are complex, they should be expressed by applying a fuzzy logical
framework that includes expressive reports. The suggested impulsive T-S design model examines the predator-
prey system with functional response and impulsive impacts.

By using fuzzy impulsive T-S design model on (6), the membership functions obtained as-

ndsz
_ Z _edy—z; _ Z2 _ mdy—z, _ Z3 _ A+d1—z3 _ 74 __ Bdz-z,
M, = edl’Mz T ed, Ny = mdz’N2 T md, Ky = %’KZ - ;%31 Py = /za3’P2 T Bd;
since we have 16 rules, the matrices 44, A,, A5, ..., A ¢are obtained as:
T 0 0 r—ed,; 0 0 r —md, 0 0
A, =0 (B—=D) 0 |A4,= 0 (B-D) 0|A3=]| fimd, (B-D) 0],
0 0 -y 0 0 -y 0 0 -y
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r nds
", U 0] r 0 0
fonds _ 0 pd -y
| arar 0 v ?
nds
7 —ed; —md, 0 0 [r —ed, - A+d, 0 0 l
A6 == flmdz (B - D) 0 , A7 = 0 (B - D) 0 ,
o e e
1
nds
r —ed; 0 0 [r_mdz_Am 0 0]
Ag=| 0 —Bd;+(B—-D) 0 |As= i fimd, (B—D) 0 i
0 Bd -y fands _
3 vy 0 v
nds
' —md, 0 0 [r T A+d, 0
Ay =| fimd, —Bds+(B-D) 0 |[A4,=| © —-Bd;+(B—-D) 0|,
_ d
0 hds Y l f:—ld: Bd; _VJ
r nds
r—edl—mdz—A+d1 0 0] r—ed; —md, 0 0
A = fimd, (B—-D) O |,A13 = [ fimd, —pds+(B—-D) 0 l,
fonds 3 0 Bd —y
A+d, 0 )/J 3
r—edl—nd3 0 0] [r—mdz—nd3 0 O]
A+d A+d,
Ay = 0 —pds +(B—-D) 0 I A5 = | fimd, —pd; +(B-D) 0 |
fands fonds
A+d, Bds _VJ l A+d, Bds —VJ
nd
[r—edl—mdz—r";l 0 O—i
Aie = { fimd, —pd; +(B-D) 0
f2nd3
A+d, pds v
Therefore, Deffuzification is given as
x(t) = Xiog hi(2(0) A; (x (1)) (15)

where

hy =My * Ny * Ky % Py, hy = My * Ny % Ky + Py,hg = My Ny x Ky * Py, hy = My * Ny x Kp * Py,
hs = My * Ny * Ky % Py,hg = My * Ny * Ky * Py,hy = My % Ny * Ky % Py, hg = My * Ny * Ky * Py,
hg = My * Ny * Ky * Py, hyg = My % Ny % Ky % P, hy; = My * Ny % Ky % P,

hiy = My % Ny % Ky % Py, hyz = My * Ny % Ky * Py, hyg = My * Ny x K; * Py,

his = My * Ny % Ky % Py, hyg = My * Ny x K, * P,

This Fuzzy model is a suitable representation of the non-linear system (6) in the region [0,10] x [0,10] %
[0,10].

6 Results and Discussion

In this section, the global stability of the considered intra-specific competition predator-prey model (6) is
discussed. Because hiological systems are complicated, nonlinear, and unpredictable, fuzzy logical methods
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with linguistic descriptions should be used to represent them.

Table 1 Stability of the system at various parameters.

r m n A fi fa B (B y e dq d, ds | max(4) | In(ep;) Conclu-
-D) =M@) | +Aa)s; | SioN
0.5 0.31 0.25 0.5 0.31 0.18 0.25 0.31 0.12 | 0.0005 10 10 10 0.87 -1.41 stable
0.1 0.5 0.5 0.5 0.2 0.2 0.5 0.45 0.2 25 30 30 30 0.95 -1.408 stable
3.8 0.5 2 0.3 1.25 15 0.15 2 0.3 3 20 20 20 50.34 -0.4202 stable
2.5 0.25 0.25 0.25 1.75 2.27 0.5 6 0.3 15 25 25 25 73.74 0.0478 unstable

Fig. 1 Effect of infection transmission rate () on prey-predator system under impulsive control.

Calculations were carried by taking the values of the parameters atr = 0.5, m = 0.31, n = 0.25, A =
0.5, f; =031, f, =0.18, (B—D) =0.31, 8§ =0.25, y =0.12, e = 0.0005, d; = 10, d, = 10, d3 =
10 in 7 to get the eigen values of [AT + 4;](i = 1,2,3 ...7)as explained in the theorems (4.1, 4.2). It is found
that max(4;) = A(a) = 0.87 then we have chosen diag[—0.84,—0.84] as impulsive control matrix, such
thatp; =1+ K = 0.16. It is noted that the system 7 is stable globally (4.1) when ¢ =1.5,5 = 0.02 (at
thoseabove values, In(ef;) + A(a)8; = —1.41<0). Further, it is noted that the predator-preymodel is unstable
(4.1) whenr = 2.5, m = 0.25, n =0.25, A =0.25, f; = 1.75, f, =2.27,(B—-D)=6, § =05 y=0.3,
e =15, d; = 25, d, = 25, d3 = 25, since max(4;) = A(a) = 73.74, - In(¢f;) + A(a)d; = 0.0478 > 0.
Table. 1 presents the stability of the system at various values of the present study.

The impact of the various parameters on prey-predator system (3-5) with T-S fuzzy impulsive control
model is presented in Figs. 1 - 10.

The effect of infection parameter (8)on prey-predator system is shown in Fig.1 atr = 0.5, m = 0.31,
n=025 A=05, f; =031, f, =0.18, (B—D) =0.31, y =0.12, e = 0.0005, d; =10, d, =
10, d; = 10. This graph makes it abundantly evident that asinfection rates rise, so do the populations of
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infected predators.

Fig. 2 Effect of disease mortality (y) on prey-predator system under impulsive control.

The influence of disease mortality y on prey-predator system is shown in Fig. 2 at » = 0.5, m = 0.31,
n =025 A=05, f; =031, f, =0.18, (B—D) =0.31, B =0.25, e = 0.0005, d; =10, d, =
10, d; = 10. This figure clearly exhibits that an increase in disease mortality leads increase in susceptible
predator population decreases slowly whereas the infected predator population decreases faster.

The consequences of intra-specific competition (e) on prey-predator system is shown in Fig. 3 atr = 0.5,
m =031, n=0.25 A=05, f; =031, f,=0.18, (B—D) =031, $ =025 y =012, d, =
10, d, = 10, d; = 10. This graph demonstrates how less intraspecificcompetition between prey and predator
results in a rise in the population of prey.

The change on prey-predator system with growth rate of prey (r) is shown in Fig. 4 at m = 0.31, n =
0.25, A=05, f; =031, f, =0.18, (B—D) =0.31, B =0.25, y =0.12, e = 0.0005, d, =10, d, =
10, d; = 10. This figure clearly exhibits that increase in growth rate of prey leads to increase in the prey
population and the population of the predator become stable.
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Fig. 4 Effect of growth rate of prey (r) on prey-predator system under impulsive control.

The outcome with varying predation rate of susceptible predator (m) on prey-predator system is shown in
Fig. 5 atr=05 n=025 A=05, f; =031, f, =018, (B—D) =0.31, =025 y=0.12, e =
0.0005, d, = 10, d, = 10, d5; = 10. This graph demonstrates unambiguously how an increase in a predator’s
predation rate causes a drop in the population of its prey.

7\

IAEES www.iaees.org



Network Biology, 2024, 14(3): 215-227 223

Fig. 6 Effect of predation rate of infected predator (n) on prey-predator system under impulsive control.

The impact of predation rate of infected predator (n) on prey-predator system is shown in Fig. 6 at
r=05 m=031, A=05, f; =031, f, =018, (B—D) =031, £ =025 y=0.12, e =
0.0005, d; =10, d, = 10, d3 = 10. This graph illustrate clearly how an infected predator’s increased
predation rate causes a drop in the number of prey.
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Fig. 8 Effect of max time (d,) on prey-predator system under impulsive control.

The dynamical change on prey- predator population (x,s,i) by varying prey maxtime (d,) parameter
under fuzzy impulsive control can be noted in Fig. 7 atr = 0.5, m = 0.31, n = 0.25, A= 0.5, f; = 0.31,
f> =018, (B—D) =031, §=0.25 y=0.12, e = 0.0005, d, = 10, d5 = 10. It is noticed from this
figure that; the prey population increases as d, decreases.

The effectiveness by varying susceptible predator max time (d,) parameter of prey-predatorpopulation
(x, s, i) under fuzzy impulsive control can be noted in Fig. 8at r = 0.5, m = 0.31, n=0.25, A=0.5, f; =
031, f, =0.18, (B—D) =0.31, B =0.25, y =0.12, e = 0.0005, d; = 10, d; =10. It is noted from
this figure that, the prey population increases as d,decreases.

The vital pattern of prey- predator population (x, s, i)by varying infected predatormax time (d;)parameter
under fuzzy impulsive control can be noted in Fig. 9 atr = 0.5, m = 0.31, n = 0.25, A= 0.5, f; = 0.31,
f> =018, (B—D) =031, §=0.25 y=0.12, e = 0.0005, d; = 10, d, = 10. It is observed from this
figure that, the prey population increases, and predator population decreases with an increase in (d5).

Finally, the nature of two species (x, s, i)population (without impulsive control) is presented in Fig. 10 by
fixing all the parameters obtained from T-S fuzzy model at r = 0.5, m = 0.31, n = 0.25, A=0.5, f; =
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031, f, =0.18, (B—D) =0.31, B =0.25, y =0.12, e = 0.0005, d; = 10, d, = 10, d3 = 10 and
initial condition x(0) = 5,s(0) = 5,i(0) =5,t =5. The figure clearly shows how the prey- predator
population reaches to stability whereas infected predator becomes unstable.

Fig. 9 Effect of max time (d3) on prey-predator system under impulsive control.

7 Conclusions
In this paper we present stability analysis of a three species competition model with fuzzy impulsive control by
T-S model. Firstly, a non-linear Lotka-Volterra predator-prey model with infection in predator based on the
fuzzy impulsive control was analyzed. The impulsive control technique which was analyzed in the framework
of the fuzzy systems based on T-S model, is found appropriate for very complex and non-linear system with
impulsive effects. Then, the complete impulsive fuzzy system is obtained by combining each local linear
impulsive system. Meantime, the asymptotic stability, and exponential stability of the impulsive fuzzy system
are shown by various stability theorems. Finally, numerical examples for prey, susceptible predator and
infected predator system with impulsive effects are given to illustrate the application of impulsive fuzzy
control, and simulation results show the effectiveness of the proposed method. From this present study the
main findings are listed as:
e We establish a predator—prey model in which predator population is infected.
e Less intra-specific competition between prey and predator results in a rise in the population of prey
because of the infection in predators.
e Arrise in the prey population results from an increase in the prey growth rate.
e The population of healthy predators decreases as the rate of disease transmission from diseased to
susceptible predators rises because more predators will contract the disease.
e  Asthe maximum period for prey diminishes, the prey population grows.
e Because predators will have less time for predation as the maximum period forsusceptible predators
gets shorter, the number of preys rises.
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e While the population of prey increases as the maximum time for an infected predator increase, the
population of susceptible predators decreases because more predators will contract the infection.

254

20

x(t)

Fig. 10 Plot of predator-prey system without impulsive control.
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