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Abstract

This article is aimed to construct a model related to protein structure and amino acids viz., Brandstein and
Tooze’s condition. To study Brandstein and Tooze’s condition we have considered signed graph in amino
acids. For this we have constructed a network structure, where the link is based on the one point mutation of
codons of corresponding 20 different essential amino acids. To study this we have considered signed graph in
amino acids and consider two cases. In the first case positive sign is assigned to an edge if both the amino
acids are either hydrophobic or hydrophilic, otherwise negative sign is assigned. And in the second case
positive sign is assigned to an edge if one amino acid is hydrophobic and the other is hydrophilic, otherwise
negative sign is assigned.
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1 Introduction
Amino acids are biologically important organic compounds composed of amine (-NH;) and carboxylic acid
(-COOH) functional groups with a side-chain specific to each amino acid. The key elements of an amino acid
are carbon, hydrogen, oxygen and nitrogen. Each amino acid have different properties. The different properties
of the amino acids changes with the change in R groups. The R group is often referred to as the amino acid
side chain. Amino acids are the building blocks of proteins. Each protein is formed by a linear chain of amino
acids. There are 20 different amino acids being found till now that occurs in proteins. Each amino acid is a
triplet code of four possible bases. A sequence of three bases forms a unit called codon. A codon specifies one
amino acid. The genetic code is a series of codons that specify which amino acids are required to make up a
specific protein. As there are four bases, (Adenine (A), Cytosine(C), Guanine (G) or Thymine (T/U)) this gives
us 64 codons. A codon can change in several ways which is known as mutation.

In this paper we have considered one point mutation of all possible bases. The compatibility relation of
the graph is defined based on the mutation of the codon. For example the amino acid M (Methionine) is
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connected with K (Lysine), T (Threonine), R (Arginine), | (Isoleucine), V (Valine), L (Leucine), because all
possible mutations of the base of the codon AUG (M) codes for the amino acids K, T, R, I, V and L.

The main focus in our manuscript is to give mathematical interpretation of Brandstein and Tooze’s
(Branden and Tooze, 2012) condition. To study this we have considered signed graph in amino acids. We have
considered two cases. In the first case positive sign is assigned to an edge if both the amino acids are either
hydrophobic or hydrophilic, otherwise negative sign is assigned. And in the second case positive sign is
assigned to an edge if one amino acid is hydrophobic and the other is hydrophilic, otherwise negative sign is
assigned.

As evolution of amino acids is mediated by mutation of corresponding codons, we argue that the network
also gives a picture of evolutionary pattern. Therefore two amino acids connected by an edge can be
interpreted as having affinity towards each other in the sense that one may evolve from the other.

Researchers have made significant contributions in the field of biological network. Ali and Borah (2021a)
constructed a distance matrix of the amino acids. The distance is defined based on the relative evolutionary
importance of the base position of the corresponding codons. From this distance matrix a network of the amino
acids is obtained. They have argued that this network depicts the evolutionary pattern of the amino acids.
Further they have discussed the relative importance of the amino acids with respect to this network. In Gohain
et al. (2015), a partial ordering is equipped on the genetic code and a lattice structure has been developed from
it. The codon-anticodon interaction, hydrogen bond number and the chemical types of bases play an important
role in the partial ordering in the base set and on the structure of the genetic code. Some relations between the
lattice structure of genetic code and physico-chemical properties of amino acids had established. Manisekhar
and Lalitha (2013) used chemical graph theory to calculate the energies during the formation of dipeptide from
amino acids. They have shown that the energy during the formation of dipeptide is conserved. They calculated
correlation between the eigen values and the atomic mass for twenty amino acids in chemical graphs.
Aftabuddin and Kundu (2007) discussed hydrophobic, hydrophilic and charged network within the protein.
Hydrophobic amino acids are considered as vertices in the hydrophobic network, whereas hydrophilic and
charged amino acids are considered as vertices of hydrophilic and charged networks, respectively. If any two
atoms from different amino acids are within a cutoff distance of 5A°, the amino acids are considered to be
connected. Further they showed that the average degree of the hydrophobic networks has a significantly larger
value than that of hydrophilic and charged networks. The average degree of the hydrophilic networks is
slightly higher than that of the charged networks. The average strength of the nodes of hydrophobic networks
is nearly equal to that of the charged network, whereas that of hydrophilic networks has a smaller value than
that of hydrophobic and charged networks. The average strength for each of the three types of networks varies
with its degree. The average strength of a node in a charged network increases more sharply than that of the
hydrophobic and hydrophilic networks. Each of the three types of networks exhibits the “*small-world™’
property. Jiao et al. (2007) discussed the weighted amino acids network based on the contact energy. They
have shown that weighted amino acid network satisfy “small-world” property. Schreiber and Koschutzki
(Koschtitzki and Schreiber, 2004) compared centralities for biological networks, namely PPl network and
transcriptional network. As a result of their study, it was observed that in the analysis of biological networks
various centrality measures should be considered. Strub et al. (Strub et al., 2004) discussed effect of the
mutation on stability. They have also studied protein stability by mutation of hydrophobic amino acids to
arginine (hydrophilic). Wuchty and Stadler (2003) discussed various centrality measures in biological network.
They concluded that the degree of vertex centrality alone is not sufficient to distinguish lethal protein from
viable ones. Estraade et al. (Estrada et al., 2003)gave a review on the use of topological indices in drug design
and discovery. Fell and Wagner (2000) examined whether metabolites with highest degree may belong to the
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oldest part of the metabolism. Balaban (1985) used chemical graph theory to mathematically model the
molecules in order to gain insight into their physical and chemical properties. Chemical graph theory is an
important tool for designing drug. In (Boruah, 2022) construct identity sub-graph on the genetic code and they
have studied different centrality measures, clustering coefficient and degree of distribution. Also, they
construct a network based on distance matrix. The distance matrix is obtained by transition and transversion
mutation of codons. Finally they proposed that this network reflects the evolutionary patterns of amino acids.
Ali and Borah (2021b) constructed the amino acid networks based on properties that exhibits by amino acids.
Correlating some physico-chemical and physical properties of amino acid, they analyzed the relative
importance of different amino acids using centrality measures.

2 Graph and Signed Graph
2.1 Concepts of graph and signed graph

An undirected graph G = (V, E) consists of a finite set V of vertices and a finite set E <V xV of edges. If an

edge e = (u, v) connects two vertices u and v then vertices u and v are said to be incident with the edge e and
adjacent to each other. In general, the vertices of a graph represent objects or entities while the edges represent
relationship between the vertices (Zhang, 2016, 2018). The complete graph is a graph in which each vertices
connects to each other. A directed graph or digraph G consists of a set V of vertices and a set E of edges such
that e E , if each edge of the graph G has a direction. An adjacency matrix A of a graph G = (V, E) isa (n x n)
matrix (a;;), where the entries are either 1 or 0. a;; = 1 if (v;, vj)€E, vi, vjeV, a;j = 0 otherwise.

The adjacency matrix of any undirected graph is symmetric.

Signed graph and balanced theory are two important tools of graph theory. Harary (1953) in his first
article on signed graph gave a simple characterization of those in which the product of signs around every
cycle is positive. Such graph is called balanced or stable. The concept of balanced graph proposed by Heider’s
balance theory discusses the relations among individual groups. Using signed graph and balanced theory, we
can say whether the graph is stable (balanced) or unstable (unbalanced). A signed graph is simply a graph
where each edge between the nodes is labeled as either positive (+) or negative (). With the help of signed
graph we may represent the interpersonal relationships between individuals or groups of individuals.

The following theorem will be used in the sequel.

Theorem 2.1: A signed graph G is called balanced (Harary, 1953) if and only if its vertex set V can be
separated into two disjoint subsets namely V; and V,, in such a way that each positive edge of G joins two
vertices of the same subset and each negative edge joins two vertices of different subsets.

In the following we have given example of a balanced and an unbalanced graph.

Consider the following graph (Fig. 1), where a, b, c, d, e, f represent six persons working in an office.
Where positive edge between two vertices (persons) means they wish to work together and negative edge
means they do not wish to work together.

Fig. 1 Balanced graph.
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Here the vertices can be partitioned into two disjoint sets say, Vi={a, ¢, d, f}, and V,={b, e}. We observed
that between vertices of Vyonly positive edges exist and similarly between vertices of V, only positive edges
exist whereas only negative edges connect vertices of V; with vertices of and V,. Hence, by Harary’s theorem
the graph represented by Fig. 1 is balanced.

Again we consider the same graph as above by changing some signs. The corresponding graph is shown in
Fig. 2.

Fig. 2 Unbalanced graph.

In the signed graph of Fig. 2 the set of vertices cannot be partitioned into two disjoint subsets, satisfying

the conditions of Harary’s theorem. Hence the graph is unbalanced.

2.2 Signed graph in amino acids network

Every codon codes a unique amino acid. A one point mutation of a codon may or may not change the
corresponding coded amino acid. All one point mutations of a codon gives nine more codons. Some of these
nine codons will code for some amino acid(s) other than the original one. Since any mutation has its reverse
mutation, an amino acid transforming to another may revert back to its original state. This process of
mutation/transformation may be looked upon as a bidirectional relation. Thus in the set of codons (amino acids)
we have a binary relation which generates an undirected graph.

In our amino acids graph the vertex set is the set of amino acids and two amino acids o and B are
linked/connected by an edge if one point mutant of any codon coding o codes for B. For example the codon
AUG codes for the amino acid M (Methionine). All possible one point mutations(first, second and third base)
of the codon AUG are CUG, GUG, UUG (obtained by first base mutation); AAG, ACG, AGG (obtained by
second base mutation); AUA, AUC, AUU(obtained by third base mutation). The mutated codons codes for the
amino acids K (Lysine, coded by AAG), T (Threonine, coded by ACG), R (Arginine, coded by AGG), |
(Isoleucine, coded by AUA, AUC, AUU ), V (Valine, coded by GUG), L (Leucine, coded by CUG, UUG).
So in our amino acids graph the amino acid M is connected to the amino acids K, T, R, I, V and L. Again the
amino acid K (coded by AAG and AAA) is not connected to the amino acid P (coded by CCU, CCC, CCA
CCG) as neither AAG nor AAA mutates to any of the codons CCU, CCC, CCA, CCG. Similarly other links
between amino acids are obtained.

The corresponding graph is depicted in Fig. 3.
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Fig. 3 Amino acids graph.

Corresponding adjacency matrix of the graph is given below

ORr P O0OO0OROORROORORORROO
PO OCORORRPROOROOROOOOOOO
PP O OCOROOCORRPROO0OO0OOROOOR O
ORr P OO0 RrRO0OO0O0ORROOROORORO
CoORrRPr RO O0OO0O0O0O0O0O0O0O0OORR R
P OR PP OO0 CORRPROROROOOOOO
PP P OO0 0CROOROOOROOOOO
oOrRroO0ORRORRPROOOOROOROOO
R OR ORORORRROORRRELOOR
ORrRORRPRPOODOORRLROOROOO OO

PP OOROOCOORRORRORRRERLROO
OO0 0000 ROORORORROOROO
OCR OO0 ORRORORRREREREERLEOOR R
OR 000000 ORORROOROOOR
P OO0 OROROOOROOOOORRER

OCROROCOORPRPROROOOOOROR RO
CcCoorRoCcOoCORRRROOOCOOCOOROR
CoOoOrROCOoCOROOCOCORRRORORR
OCRrrOCOCOCOCOROOCOOORROOR OO
cOCRrocOCcCoCcOoORrROOROOOOROOOOR

From the above adjacency matrix it is clear that the graph (Fig. 3) is connected because no row or column
of the upper (or lower) triangular matrix is zero.

We next constructed a signed graph in this amino acids network. We consider two cases here. In the first
case we assign positive sign to an edge between two amino acids if both the amino acids are either
hydrophobic or hydrophilic, otherwise negative sign is assigned. The positive edges are marked E+. The
corresponding signed graph is shown in Fig. 4.
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Fig.4 Balanced signed graph.

Fig. 5 Unbalanced signed Graph.

Following pairs of vertices represent positive edges.

V={{G, A}, {G, V}{G, W}H{A, PL{A, V}{V, I}{V, L}, {V, F}, {V, M}, {M, L}, {M, I}, {W, L}{L,
AL VI AL FRAL P AL LY {L B AR Y} {S, RYE {S, €3 {S, N} {S, T3 {T, N}, {T, K}, {T, R} {E,
K} {E, Q) {E D}, {C, R}, {N, H}, {N, D}, {N, K}, {Q, K}, {Q, R}, {Q, H}, {D, H}, {R, Q}}-
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We want to show that the graph is balanced (stable). Let the vertex set be separated into two disjoint
subset, say V; and V, where, V1= {G, A, V, W, P, L, I, F, M, Y} and V,={S,R,C, D, E, T, K, N, Q, H}. Here
we observed that any amino acid of V; and any other amino acid of V; are linked by a negative edge, but
within the same set each pair of amino acids are linked by positive edges. Hence the pair (V1, V,) satisfies the
Harary’s theorem. Consequently signed graph of amino acids network based on mutation is stable or balanced.
Again in the second case we assigned positive sign to an edge between amino acids if one is hydrophobic and
another is hydrophilic, otherwise negative sign is assigned. The corresponding signed graph is shown in the
Fig. 5.

Following pairs of vertices represent positive edges.

V={{G, S}, {G, R}{G, C}.{G, D}.{G, E}.{A, T}.{A, S}, {A D}, {A, E}, {V, D}, {V, E} {M, K}.{M,
TH{M, R}, {W, R}, {W, S}, {W, C}, {L, S}, {L, H}, {L. R}, {L, Q} {I, N}, {I, T} {I, S}, {l. K}, {l. R}, {F,
Sh{F. C}, {Y, N}, {¥, H}, {Y, D}, {Y, S} {¥, C}, {P, T}, {P, S}, {P, H}, {P, R}, {P, Q}}.

Here the vertex set cannot be separated in two disjoint subsets such that which satisfies Harary’s theorem
(Harary, 1953). Consequently the amino acids network given by Fig. 5, is unbalanced.

According to the first case the network is stable or balanced where there is positive sign in between
similar amino acids (both hydrophobic or both hydrophilic). And for the second case the network is
unbalanced or unstable where there is positive sign between amino acids of different properties (hydrophobic
and hydrophilic). Therefore from the first case it is clear that if any one of the hydrophobic amino acid is
replaced by another hydrophobic amino acid or any one of the hydrophilic amino acid is replaced by another
hydrophilic amino acid then the network remains stable or balanced.

Again from the second case it is clear that if any one of the hydrophobic amino acid is replaced by other
hydrophilic amino acid or vice-versa then the network is unbalanced.

3 Brandstein and Tooze’s Condition
Brandstein and Tooze (2012) observed that the physico-chemical nature of the amino acids (whether
hydrophobic or hydrophilic) of a protein plays a major role in determining its 3D structure. We know that the
hydrophobic amino acids are water hating and the hydrophilic amino acids are water loving. Since a protein
within the cell is in aqueous environment, hydrophobic amino acids come close each other and are located in
the core region of the folding structure, whereas the hydrophilic amino acids go to the surface region. For a
mathematical interpretation of Brandstein and Tooze’s condition in graph theoretic sense we have considered
signed graph in amino acids. When one of the hydrophobic amino acid is replaced by another hydrophilic
amino acid or vice-versa then the protein structure is deformed, that is it becomes unbalanced or unstable.
Again when hydrophobic amino acid is replaced with other hydrophobic amino acid or hydrophilic amino acid
is replaced by other hydrophilic amino acid then it remains un-deformed or deformation probability is less in
comparison to previous case.

We know that mRNA contains base sequences. A segment is formed from the base sequences to produce
a protein. A protein is a sequence of amino acids. Each amino acid is coded by a codon from the mRNA
segment. If there is a mutation in any of the codons, there may be a change in the corresponding amino acid. If
there is any change in the amino acid, the nature may change (hydrophobic changed to hydrophilic or
vice-versa) or may not change (hydrophobic remaining hydrophobic, hydrophilic remaining to hydrophilic). If
there is a change in any amino acid of the protein, the 3D structure of the protein may change. This fact can be
interpreted in terms of the signed graphs discussed above. The first signed graph represents the situation where
due to mutation of codon the amino acid nature (hydrophobic/hydrophilic) remains intact. The graph is
balanced can be interpreted as no change in 3D structure of the protein structure whereas the second graph
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represents the opposite situation. There mutation of codon changes the nature of the amino acid and
consequently a change in the 3D structure of the protein. This is represented by the unbalanced signed graph.
From the above discussion it is clear that in amino acids network at an unbalanced or unstable situation the
folding of proteins is easier as compared to the balanced or stable situation.

4 Conclusion

In this manuscript we have attempted a modeled of Brandstein and Tooze's phenomenon by signed graph.
Based on mutations of codons, link between corresponding amino acids were obtained to give a graph
structure to the amino acids set. When a codon mutates, the corresponding amino acid may change and
consequently the hydrophobicity/hydrophilicity nature of the amino acid may change. Depending on the
change of hydrophobicity/hydrophilicity nature, positive /negative sign may be assigned to the edges, which in
turn gives a signed graph. We have considered two cases to define the positive and negative sign of the edges
between the amino acids. Using Harary's theorem we observed that in the first case the amino acids network is
stable or balanced but in the second case the network is unbalanced or unstable. Balanced graph may be
interpreted as no change in the 3D structure of the protein molecule, whereas unbalanced graph indicates a
change in the 3D structure. Thus sign graph gives a mathematical interpretation or modeling of the Brandstein
and Tooze’s phenomenon. In other words, Brandstein and Tooze’s phenomenon is represented in mathematical
terms by the unstable signed graph discussed above.
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