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Abstract 

In this study, we analyze the state space of a Boolean network modeling diphtheria pathogenesis, focusing on 

key genes such as Tox, Rep, INF1/INF2, TLR, AP1, IL6, and TNF. We introduce targeted perturbations to 

reveal how the network responds and converges to its attractors. Our approach utilizes semi-tensor product 

techniques and permutation methods to recast the Boolean dynamics into a linear algebraic scheme, enabling 

efficient identification of transient states, stable attractors, and Garden-of-Eden states. This work fills an 

important gap by clarifying how specific gene interactions drive the network toward non-pathogenic states. 

Our results show that altering regulatory relationships, particularly those between Rep, Tox, and interferon 

signals, significantly influences basin sizes and attractor stability, thereby enhancing our understanding of the 

network’s resilience and informing potential therapeutic strategies. 
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1 Introduction 

Diphtheria, a severe infectious disease caused by the bacterium Corynebacterium diphtheriae, has historically 

posed significant health challenges worldwide. Characterized by symptoms suchas sore throat, low-grade fever, 

and the formation of a pseudomembrane in the upper respiratorytract, diphtheria can lead to severe 

complications if not promptly treated. The primary virulencefactor of C. diphtheriae is the diphtheria toxin 

(Kolibo and Romaniuk, 2001), which inhibitsprotein synthesis in host cells, leading to tissue damage and 

systemic effects. Understanding thecomplex interactions among the genes involved in toxin production 

(Schmitt et al., 1992), immune response (Moehring et al., 1971), and disease transmission is crucial for 

developing effectivetherapeutic strategies (Harris et al., 2002; Kashiwagi et al., 2014). 
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In recent years, computational modeling has emerged as a powerful tool to dissect the intricate gene 

regulatory networks underlying various pathogenic processes (Qu et al., 2015; Possieri and Teel, 2017; Zhang, 

2018; Menini et al., 2019; Shu et al., 2021; Kayoh and Ugbene, 2023; Ugbene and Utoyo-Ovokaeefe, 2024; 

Ugbene and Agwemuria, 2024), including diphtheria. One such approach is the use of Boolean networks, 

which provide a simplified yet insightful representation of geneinteractions by modeling genes as binary 

variables, either active ሺ1ሻ or inactive ሺ0ሻ (Wilson et al., 2019). This scheme allows researchers to simulate 

and analyze the dynamic behavior of genenetworks under different conditions. A notable study by Ugbene and 

Utoyo (2024) employed a Boolean network model to investigatethe gene regulatory mechanisms associated 

with diphtheria pathogenesis. Their model focusedon eight critical genes implicated in toxin production and 

immune response (Pimenta et al., 2008a; Holmes, 2000; Hadfield et al., 2000). Through dynamic simulations, 

they identified three distinct attractors within the network, each corresponding to a potential disease state 

(Belsey et al., 1969; Pimenta et al., 2008b). These attractors represent stable patterns of gene expression that 

thesystem gravitates toward over time, offering valuable insights into the possible outcomes of 

geneinteractions during infection. 

While the identification of attractors provides essential information about the stable states ofthe system, a 

comprehensive understanding of the disease mechanism necessitates a thoroughexploration of the entire state 

space of the Boolean network. The state space encompasses all possible configurations of the network, 

detailing how the system transitions from one state to another (Yu et al., 2019; Yang et al., 2020; Yuan et al., 

2019). Analyzing this space can reveal transient states, pathways leading to attractors, and potential 

intervention points to alter diseaseprogression. To achieve a detailed analysis of the state space, advanced 

mathematical tools and methodologies are required. One such approach is the semi-tensor product (STP) 

method developed by Cheng and Qi (2010). The STP technique transforms logical functions into algebraic 

forms, enabling the representation of Boolean networks as discrete-time linear dynamic systems. This 

algebraic representation facilitates the systematic examination of network properties, including fixed points, 

cycles, and transient behaviors (Wang and Albert, 2009; Wang et al., 2020; Veliz-Cubaet al., 2014). By 

converting the Boolean dynamics into a linear scheme, the STP method allowsor the application of linear 

system theories to analyze the network’s structural and functional characteristics. Another innovative 

methodology is the permutation-based approach introduced by Wang et al. (2023). This technique involves 

representing the state transitions of a Boolean network using permutation matrices, which capture the 

rearrangement of states under the network’s dynamics. Bystudying these permutations, researchers can gain 

insights into the cyclical patterns and invariant subsets within the state space. This method offers a unique 

perspective on the network’s behavior, particularly in identifying symmetries and conserved structures that 

may not be apparent through other analytical techniques. 

In this study, we aim to build upon the foundational work of Ugbene and Utoyo (2024) by conducting an 

in-depth analysis of the state space of the perturbed diphtheria pathogenesis Boolean network. Utilizing the 

semi-tensor product method of Cheng and Qi (2010) alongside the permutation-inspired approach of Wang et 

al. (2023), we seek to uncover the full spectrum ofdynamic behaviors exhibited by the network. Our objectives 

include identifying all possible statetransitions, mapping out the pathways leading to various attractors, and 

pinpointing potential control nodes that could serve as targets for therapeutic intervention. By integrating these 

advanced analytical methodologies, we strive to provide a comprehensive understanding of the gene regulatory 

mechanisms driving diphtheria pathogenesis. Such insights are essential for the development of targeted 

strategies aimed at disrupting the disease process and improving patient outcomes. 
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2 Methodology  

In this section, we introduce a different method for analyzing Boolean networks. 

2.1 Semi-tensor products 

As described in Cheng and Qi (2010), consider a row vector ܷ of dimension ݉ݍ and a column vector ܸ of 

dimension ݍ. We partition ܷ into ݍ segments, denoted as ܷଵ, ܷଶ, . . . , ܷ௤, each forming a 1 ൈ ݉row. The 

semi-tensor product (STP), represented by ڈ (left semi tensor product), is defined as: 

ቊ
ܷ ڈ ܸ ൌ ∑ ܷ௞௤

௞ୀଵ ௞ݒ א Թ௠,

்ܸ ڈ ்ܷ ൌ ∑ ௞ݒ
௤
௞ୀଵ ሺܷ௞ሻ் א Թ௠.

                                                                  (1) 

Given matrices ܲ א ܳ ௥ൈ௠ andܯ א such that݉ ,ݏ ௦ൈ௧, if ݉ is a multiple ofܯ ൌ  we denote this as ,݇ݏ

ܲ ௞ظ ܳ. Alternatively, if ݏ is a multiple of ݉, so that ݏ ൌ ݉݇, we denote it as ܲ ௞ط ܳ. The semi-tensor 

product of ܲ and ܳ, expressed as ܦ ൌ ܲ ڈ ܳ, consists of ݎ ൈ  :blocks structured asݐ

௜௝ܦ ൌ ܲ௜ ڈ ܳ௝, ݅ ൌ 1,… , ,ݎ ݆ ൌ 1,… ,  (2)                             ,ݐ

where ܲ௜ represents the ݅-th row of ܲ and ܳ௝ denotes the ݆-th column of ܳ. Fundamental properties of the 

STP include: The STP adheres to the following rules (whenever the operations are well defined): 

1. Distributive Property 

ܲ ڈ ሺܳߣ ൅ ሻܴߤ ൌ ܲߣ ڈ ܳ ൅ ܲߤ ڈ ܴ; ሺ3ሻ
ሺܳߣ ൅ ሻܴߤ ڈ ܲ ൌ ܳߣ ڈ ܲ ൅ ܴߤ ڈ ܲ, ,ߣ ߤ א Թ. ሺ4ሻ 

2. Associative Property 

ܲ ڈ ሺܳ ڈ ܴሻ ൌ ሺܲ ڈ ܳሻ ڈ ܴ.                                                      (5) 

If ܲ ௛ظ ܳ, then (where ٔ represents the Kronecker product): 

ܲ ڈ ܳ ൌ ܲሺܳ ٔ  ;௛ሻܫ                                                                 (6) 

Likewise, if ܲ ௛ط ܳ, then: 

ܲ ڈ ܳ ൌ ሺܲ ٔ  .௛ሻܳܫ                                                               (7) 

Given ܲ א  :௥ൈ௠ܯ

1. For a row vectorܹ א Թଵൈ௦: 

ܲ ܹڈ ൌ ܹ ڈ ሺܫ௦ ٔ ܲሻ;                                                              (8) 

2. For a column vector ܹ א Թ௦ൈଵ: 

ܹ ڈ ܲ ൌ ሺܫ௦ ٔ ܲሻ  (9)                               .ܹڈ

If ܲ א  :divides ݉ or vice versa, then ݎ ௥ൈ௠ and eitherܯ

ሾܲ௛:ൌ ܲ ڈڮڈ ܲᇣᇧᇧᇤᇧᇧᇥ
௛୲୧୫ୣୱ

ሿ 

is well-defined. Notably, for any column or row vector ߞ ,ߞ௛ is always valid.Define a delta set as Δ௛:ൌ

ሼߛ௛
௝|݆ ൌ 1,2, … , ݄ሽ, where ߛ௛

௝ represents the ݆-th column of the identity matrix ܫ௛. A matrix ܲ א  ௥ൈ௠isܯ

classified as a logic matrix if ݎ ൌ 2௔ and ݉ ൌ 2௕ for some ܽ, ܾ א Ժା. The set of all such logic matrices is 

denoted as ࣦ. A direct computation reveals, that: 

If ܲ, ܳ א ࣦ, then ܲ ڈ ܳ א ࣦ. 
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This property is useful in Boolean network models, where relevant matrices belong to ࣦ, ensuring that their 

semi-tensor products are well-defined.For a matrix ܲ ൌ ሾߛ௥
௝భ, ௥ߛ

௝మ, … , ௥ߛ
௝೘ሿ, we use the compact notation: 

ܲ ൌ ,௥ሾ݆ଵߛ ݆ଶ, … , ݆௠ሿ 

A swap matrix ܵሾݎ,݉ሿ , an ݉ݎ ൈ ݉ݎ  matrix, is constructed by labeling its columns as 

ሺ11,12,… ,1݉,… ,1ݎ, ,2ݎ … , …,ሻ and its rows as ሺ11,21݉ݎ , ,1ݎ … ,1݉, 2݉,… ,  ሻ. The elements at position݉ݎ

ሺሺܭ, ,ሻܮ ሺ݇, ݈ሻሻ are given by: 

ሺ௄,௅ሻ,ሺ௞,௟ሻݏ ൌ ௅,௟ߛ௄,௞ߛ ൌ ൜
1, ܭ ൌ ݇andܮ ൌ ݈,
0, otherwise.  

For ݎ ൌ ݉, we use the notation ሾܵ௠ሿ: ൌ ܵሾ݉,݉ሿ. For example, setting ݎ ൌ 3 and ݉ ൌ 2, the swap matrix 

ሾܵଷ,ଶሿ is: 

ሾܵଷ,ଶሿ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
ሺ11ሻ ሺ12ሻ ሺ21ሻ ሺ22ሻ ሺ31ሻ ሺ32ሻ
1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 0 1 ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې ሺ11ሻ
ሺ22ሻ
ሺ12ሻ
ሺ31ሻ
ሺ21ሻ
ሺ32ሻ

 

which simplifies to: 

ሾܵଷ,ଶሿ ൌ  .଺ሾ1,3,5,2,4,6ሿߛ

For ܷ א Թ௥ andܸ א Թ௠: 

ሾܵ௥,௠ሿ ڈ ܷ ڈ ܸ ൌ ܸ ڈ ܷ, ሾܵ௠,௥ሿ ڈ ܸ ڈ ܷ ൌ ܷ ڈ ܸ. 

If ܲ א ܳ ௥ൈ௠ andܯ א  :௠ൈ௧, thenܯ

ܲܳ ൌ ܲ ڈ ܳ. 

This establishes the semi-tensor product as a generalization of conventional matrix multiplication, allowing 

omission of the ڈ symbol when standard matrix multiplication applies. 

Now, we revisit the matrix representation of logical operations. Under this scheme, a logical variable is 

represented as a vector, while an ݉ െary logical function is represented by a 2 ൈ 2௠ matrix, referred to as 

the structural matrix of the function. This formulation allows logical functions acting on ݉ logical variables 

to be expressed as a matrix-vector product. Further details can be found in Cheng and Qi (2005). First, we 

introduce some fundamental notations and results concerning logical expressions. The logical domain, denoted 

by ܧ, is given by: 

ܧ ൌ ሼܣ ൌ 1, ܤ ൌ 0ሽ. 

An ݉ െary logical function is defined as a mapping ݂: ௠ܧ ՜  To adopt the matrix representation, we .ܧ

associate each element in ܧ with a vector as ܣ ׽ ቂ1
0
ቃ
்

 and ܤ ׽ ቂ0
1
ቃ
்

, and define: 

௩ܧ ൌ ቄቂ1
0
ቃ , ቂ0

1
ቃቅ. 

Using this vector representation, we define the structural matrix of a logical function. A 2 ൈ 2௠ matrix టܰ 

is termed the structural matrix of an ݉ െary logical function ߰, if 
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߰ሺܳଵ, ܳଶ, … , ܳ௠ሻ ൌ టܰܳଵܳଶ …ܳ௠,where ܳଵ, … , ܳ௠ א  .௩ܧ

If such a matrix exists, it uniquely characterizes the logical function. To demonstrate the existence of this 

matrix for every logical function, we introduce a preparatory concept. Define a matrix, referred to as the 

power-reduction matrix, as follows (in condensed notation): 

௦ܰ ൌ  .ସሾ1,4ሿߛ

The name derives from the following property. Let ܳ א  ௩. Then we haveܧ

ܳଶ ൌ ௦ܰܳ.                                    (10) 

A proof of the subsequent theorem can be found in (Qi and Cheng, 2008).Any logical function 

,ሺܳଵܩ … , ܳ௠ሻwith logical arguments ܳଵ,… , ܳ௠ א   ௩ can be expressed in the canonicalܧ

,ሺܳଵܩ … , ܳ௠ሻ ൌ ீܰܳଵܳଶ …ܳ௠,                                              (11) 

where ீܰis a 2 ൈ 2௠ matrix, known as the structural matrix of ܩ. Next, consider a fundamental unary 

logical operation: Negation, ൓ܳ, along with four fundamental binary logical functions (Rade and Westergren, 

1998): Disjunction, ܳଵ ש ܳଶ; Conjunction, ܳଵ ר ܳଶ; Implication, ܳଵ ՜ ܳଶ; Equivalence, ܳଵ ՞ ܳଶ. Their 

structural matrices are as follows: 

൓ܰ: ൌ ܰ௠ ൌ ;ଶሾ2,1ሿߛ
:שܰ ൌ ௗܰ ൌ ;ଶሾ1,1,1,2ሿߛ רܰ ൌ ௖ܰ: ൌ ;ଶሾ1,2,2,2ሿߛ

ܰ՜ ൌ ௜ܰ ൌ ;ଶሾ1,2,1,1ሿߛ ܰ՞:ൌ .ଶሾ1,2,2,1ሿߛ
                                    (12) 

,ሺܺܨ ܻሻ ൌ ሺܺ ื ܻሻ ש ሺ൓ܺሻ. 

Using the vector representation of logical variables, equation (12), and the transformation matrix, we obtain: 

,ሺܺܨ ܻሻ ൌ ௗܰሺ ௜ܻܰܺሻሺܰ௠ܺሻ
ൌ ௗܰ ௜ܰሺܫସ ٔ ܰ௠ሻܻܺܺ
ൌ ௗܰ ௜ܰሺܫସ ٔ ܰ௠ሻܺ ሾܵଶሿܻܺ

ൌ ௗܰ ௜ܰሺܫସ ٔ ܰ௠ሻሺܫଶ ٔ ሾܵଶሿሻܺଶܻ
ൌ ௗܰ ௜ܰሺܫସ ٔ ܰ௠ሻሺܫଶ ٔ ሾܵଶሿሻ ௦ܻܰܺ.

 

Thus, we conclude that 

ிܰ ൌ ௗܰ ௜ܰሺܫସ ٔ ܰ௠ሻሺܫଶ ٔ ሾܵଶሿሻ ௦ܰ ൌ  .ଶሾ1,2,1,1ሿߛ

2.2 Dynamics of Boolean networks 

A Boolean network (Farrow et. al, 2004) consisting of nodes ܤଵ, ,ଶܤ … ,  :௠ is defined asܤ

൞

ଵఛାଵܤ ൌ ݃ଵሺܤଵఛ, ,ଶఛܤ … , ,௠ఛሻܤ
ଶఛାଵܤ ൌ ݃ଶሺܤଵఛ, ,ଶఛܤ … , ,௠ఛሻܤ
ڭ
௠ఛାଵܤ ൌ ݃௠ሺܤଵఛ, ,ଶఛܤ … , ,௠ఛሻܤ

                                                  (13) 

where ݃௜, for ݅ ൌ 1,2, … ,݉, are Boolean functions.Consider a Boolean network given by: 

൝
ఛାଵܤ ൌ ఛܥ ר ,ఛܦ
ఛାଵܥ ൌ ൓ܤఛ,
ఛାଵܦ ൌ ఛܥ ש .ఛܦ

                                (14) 

To express this system in algebraic form, we define: 
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ఛݖ ൌڈ௜ୀଵ
௠  ௜ఛܤ                                                                       (15) 

The mapping ڈ௜ୀଵ
௠ : Δଶ

௠ ՜ Δଶ೘  is bijective, allowing us to recover ܤ௜from ݖ using equation (22). Applying 

equation (11), we can derive the structure matrices ௜ܰ ൌ ௚ܰ೔ for ݅ ൌ 1,… ,݉, such that: 

௜ఛାଵܤ ൌ ௜ܰݖఛ, ݅ ൌ 1,2,… ,݉.                                                          (16) 

Typically, each function ݃௜ depends on only a subset of variables. For instance: 

ఛାଵܤ ൌ ఛܥ ר  .ఛܦ

Expressing this in matrix form: 

ఛାଵܤ ൌ ௗܰܥఛܦఛ.                                                                  (17) 

To align (17) with (16), we define an auxiliary matrix: 

௤ܧ ൌ ቂ1 0 1 0
0 1 0 1

ቃ. 

It follows that for logical variables ܷ, ܸ: 

௤ܷܸܧ ൌ ܸ, or  ܧ௤ ሾܵଶሿܷܸ ൌ ܷ. 

Thus, rewriting (17): 

ఛାଵܤ ൌ ௗܰܧ௤ܤఛܥఛܦఛ ൌ ௗܰܧ௤ݖఛ. 

Multiplying the equations in (16) gives: 

ఛାଵݖ ൌ ଵܰݖఛ ଶܰݖఛ …ܰ௠ݖఛ.                                                      (18) 

To simplify (18), we use the following: 

Let ܳ௞ ൌ ଶܤଵܤ  :௞. Thenܤ…

ܳ௞
ଶ ൌ Ψ௞ܳ௞,                                                                    (19) 

where 

Ψ௞ ൌෑܫଶೖషೕ

௞

௝ୀଵ

ٔ ሾሺܫଶ ٔ ܵሾଶ,ଶೖషೕሿሻ ௦ܰ                                                     ሺ20ሻ 

We can show this by mathematical induction. For ݇ ൌ 1: 

ܳଵ
ଶ ൌ ଵܤ

ଶ ൌ ௦ܰܤଵ. 

Since ሾܵଶ,ଵሿ ൌ ଶ, we have Ψଵܫ ൌ ௦ܰ. Assuming validity for ݇ ൌ ݇ we show for ,ݎ ൌ ݎ ൅ 1: 

ܳ௥ାଵ
ଶ ൌ ଶܤଵܤ ଶܤଵܤ௥ାଵܤ… ௥ାଵܤ…

ൌ ଶܤଵሾܤଵܵሾଶ,ଶೝሿܤ ௥ାଵሿଶܤ…

ൌ ሺܫଶ ٔ ܵሾଶ,ଶೝሿሻܤଵ
ଶሾܤଶ ௥ାଵሿଶܤ…

ൌ ሾሺܫଶ ٔ ܵሾଶ,ଶೝሿሻ ௦ܰሿܤଵሾܤଶ .௥ାଵሿଶܤ…

 

Equation (18) can be rewritten as: 

ఛାଵݖ ൌ  ,ఛݖܩ                                                                     (21) 

where 
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ܩ ൌ ଵܰෑሾ

௠

௝ୀଶ

ሺܫଶ೘ ٔ ௝ܰሻΨ௠ሿ. 

By equation (19): 

ఛଶݖ ൌ Ψ௠ݖఛ. 

Thus, 

ఛାଵݖ ൌ ଵܰݖఛ ଶܰݖఛ … ௞ܰݖఛ
ൌ ଵܰሺܫଶ೙ ٔ ଶܰሻݖఛଶ ଷܰݖఛ ڮ ௞ܰݖఛ
ൌ ଵܰሺܫଶ೙ ٔ ଶܰሻΨ௠ݖఛ ଷܰݖఛ ڮ ௞ܰݖఛ
ൌ ڮ
ൌ ଵܰሺܫଶ೙ ٔ ଶܰሻΨ௠ሺܫଶ೙ ٔ ଷܰሻΨ௠ڮሺܫଶ೙ ٔ ௞ܰሻΨ௠ݖఛ.

 

2.3 Equilibrium states and cycles 

We begin by examining the derivation of logical variables ሼ ௜ܲሺݐሻሽ from ݕሺݐሻ ൌ ଵܲሺݐሻ ଶܲሺݐሻ… ௡ܲሺݐሻ. Clearly, 

ሻݐሺݕ א Ωଶ೙. The following has been readily established in (Cheng and Qi, 2010). Suppose ݕሺݐሻ ൌ ଶ೙ߛ
௝ . Define 

଴:ൌܥ 2௡ െ ݆, then ௞ܲሺݐሻ can be computed iteratively as follows: 

ቐ ௞ܲሺݐሻ ൌ ہ
௞ିଵܥ
2௡ି௞

ۂ

௞ܥ ൌ ௞ିଵܥ െ ௞ܲሺݐሻ ڄ 2௡ି௞, ݇ ൌ 1,2,… , ݊,
                                              ሺ22ሻ 

where ۂܿہ represents the greatest integer less than or equal to ܿ. Considering the Boolean Network equation 

(21), let ܯ௜ , ݅ ൌ 1,2,… , 2௡  represent the ݅ -th column of the network transition matrix ܯ . It follows 

thatܯ௜ א Ωଶ೙.A state ݕ଴ א Ωଶ೙ is termed an equilibrium point of system (21)  

I.  If ݕܯ଴ ൌ  .଴ݕ

II. The sequence ሼݕ଴,ݕܯ଴, … ݇ ଴ሽ is a cycle of system (21) with periodݕ௞ܯ, , if ܯ௞ݕ଴ ൌ ଴ݕ , and all 

elements in ሼݕ଴,ݕܯ଴, …  .଴ሽ are distinctݕ௞ିଵܯ,

Consider the Boolean network model described in equation (13). The state ߛଶ೘
௝  serves as an equilibrium point 

if and only if, within its algebraic representation (21), the diagonal component ݍ௝௝ of the network transition 

matrix ܳ satisfies ݍ௝௝ ൌ 1. Consequently, the total count of equilibrium states in system (13), denoted as ௖ܶ, 

corresponds to the number of indices ݆ where ݍ௝௝ ൌ 1. Mathematically, this is expressed as: 

௖ܶ ൌ Traceሺܳሻ.                                  (23) 

Moreover, if ݍ௝௝ ൌ 1, the corresponding column ݆ in ܳ is termed a nonzero diagonal column.Furthermore, 

the cyclic behavior of the Boolean network system (13), was examined in (Cheng and Qi, 2010). Define a 

notation: For any integer ݎ א Ժା, a positive integer ݏ א Ժା is a valid divisor of ݎif ݏ ൏ ݏ/ݎandݎ א Ժା. The 

collection of all valid divisors ofݎ is denoted byࣞሺݎሻ. For example, ࣞሺ10ሻ ൌ ሼ1,2,5ሽ and ࣞሺ15ሻ ൌ ሼ1,3,5ሽ. 

Applying a reasoning similar to equation (23), the following result was derived.The number of cycles of length 

 :௦, is computed recursively asܥ denoted ,ݏ
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ቐ
ଵܥ ൌ ௖ܶ

௦ܥ ൌ
Traceሺܳ௦ሻ െ ∑ ሺ௦ሻࣞא௥ݎ ௥ܯ

ݏ
, 2 ൑ ݏ ൑ 2௠.

                                                ሺ24ሻ 

This has been proven in Cheng and Qi (2010). Regarding the upper bound for ݏ, note that ݔሺݐሻ can assume at 

most 2௠ distinct states, implying that the maximum possible cycle length is at most 2௠ (see Cheng and Qi 

(2010)). To identify these cycles, we check whether: 

Traceሺܳ௦ሻ െ ෍ ݎ
௥ࣞאሺ௦ሻ

௥ܯ ൐ 0.                                                           ሺ25ሻ 

If inequality (25) holds, then ݏ is termed a significant period.Assuming ݏ is a significant period, let ݍ௝௝
௦  

denote the ሺ݆, ݆ሻ-th entry of ܳ௦. Define the sets: 

௦ܧ ൌ ሼ݆ פ ௝௝ݍ
௦ ൌ 1ሽ, ݏ ൌ 1,2,… , 2௠, 

and 

௦ܨ ൌ ௦ܧ ሩ ௥௖ܧ

௥ࣞאሺ௦ሻ

, 

where ܧ௥௖ represents the complement of ܧ௥ .Then it can be said that, let ݕ଴ ൌ ଶ೘ߛ
௝ . Then the sequence 

ሼݕ଴, ,଴ݕܳ … , ܳ௦ିଵݕ଴ሽ forms a cycle of length ݏ if and only if݆ א  ௦.Hence, equation (24) and the aboveܨ

statement, outlines an efficient method for determining cycles.  

2.4 Permuation-inspired method 

To rigorously define this transformation, Wang et al. (2023) introduce a bijective function ݃ that encodes 

Boolean network states as numerical identifiers. Let Ω ൌ ሼ߱ଵ, … ,߱ଶ೘ሽ denote a set containing 2௠unique 

numerical labels. The function ݃: ሼ0,1ሽ௠ ՜ Ω maps each Boolean state ሺݕଵ, ,ଶݕ … ,  ௠ሻ to a unique elementݕ

in Ω. It is important to note that ݃ is not uniquely determined; its formulation is contingent on the selection 

of Ω.For example: 

If Ω ൌ ሼ0,1,… , 2௠ െ 1ሽ, one possible bijection is the standard binary-to-decimal encoding: 

݃ሺݕଵ, ,ଶݕ … , ௠ሻݕ ൌ ଵݕ ڄ 2௠ିଵ ൅ ଶݕ ڄ 2௠ିଶ ൅ڮ൅  .௠ݕ                                         (26) 

Alternatively, if Ω ൌ ሼ1,2, … , 2௠ሽ, an alternative transformation may involve shifting the output by 1: 

݃ሺݕଵ, ,ଶݕ … , ௠ሻݕ ൌ ଵݕ ڄ 2௠ିଵ ൅ ଶݕ ڄ 2௠ିଶ ൅ ൅ڮ ௠ݕ ൅ 1.                                  (27) 

These examples illustrate how ݃ can be adapted to various indexing frameworks while preserving the 

one-to-one correspondence between Boolean states and numerical values. The ability to redefine ݃ highlights 

the connection between algebraic structures and the representation of dynamical systems.  

݃ሺݕଵ, ,ଶݕ … , ௠ሻݕ ൌ 2௠ െ ሺݕଵሺ2௠ିଵሻ ൅ ଶሺ2௠ିଶሻݕ ൅ ൅ڮ  .௠ሻݕ                             (28) 

Let ݄: ሼ0,1ሽ௠ ՜ ሼ0,1ሽ௠  be a Boolean map, and let ௠ܸ ൌ ሼ ௝݁ሽ௝ୀଵ
ଶ೘  be the standard basis of Թଶ೘ . Let 

ܴ ൌ ሼ1,2,3,… , 2௠ሽ, and define ݃: ሼ0,1ሽ௠ ՜ ܴ as a bijection map. Define the map ܭ: ሼ0,1ሽ௠ ՜ ௠ܸ by 

ሻݖሺܭ ൌ ߳௚ሺ௭ሻ, forݖ א ሼ0,1ሽ௠. 

Then the map ሜ݄ : ௠ܸ ՜ ௠ܸ defined by 

ሜ݄ ൌ ܭ ל ݄ ל  ଵିܭ
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is isomorphic to ݄ and can be expressed as 

ሜ݄ ሺݒሻ ൌ ,ݒܯ forݒ א ௠ܸ,                                                        (29) 

where ܯ ൌ ሾ ሜ݄ ሺ݁ଵሻ, ሜ݄ ሺ݁ଶሻ, … , ሜ݄ ሺ݁ଶ೘ሻሿ (see  Wang et. al (2023)).The above, indicates that instead of solving 

the Boolean network ݖା ൌ ݄ሺݖሻ, we can solve the linear system ݓା ൌ  is an arbitrary  ܭ ሻ. The mapݓሺܯ

bijection from ሼ0,1ሽ௠ to Δଶ೘ since ݃ is arbitrary. Thus, the theorem suggests that any bijection from ሼ0,1ሽ௠ 

to Δଶ೘  transforms a Boolean network system into a discrete linear dynamical system. When ݃ is as given in 

Equation (28), then equation (29) shows that the linear representation obtained matches that constructed using 

the semi-tensor product method introduced by Cheng and Qi (2010)  (see section 2.1 - 2.3). Hence, by 

Equation (28), the equivalent linear representation of the Boolean system ݕା ൌ ݄ሺݕሻ is given by 

ାݖ ൌ ሾ݁ଶ, ଼݁, ଼݁, ݁ଽ, ݁ଶ, ݁଺, ݁଺, ݁଻ሿݖ, 

which matches the result obtained through the semi-tensor product method in section 2.1-- 2.3.Also in (Wang 

et. al, 2023), it was shown that, if ݕ௜ א ሼ0,1ሽ and ݓ௜ א Δଷ be the vectors associated with ݕ௜ by equation (12) 

for 1 ൑ ݅ ൑ ݉. Then 

ଵݓ ڈ ଶݓ ڈ ௠ݓڈ… ൌ ݁ఝሺ௬ሻ                                                    (30) 

where ߮ሺݕሻ ൌ 2௠ െ ሺݕଵሺ2௠ିଵሻ ൅ ଶሺ2௠ିଶሻݕ ൅ ൅ڮ ௠ሻݕ ൌ 2௠ െ ሻݕሺܿ݁ܦ . Let ݄: ሼ0,1ሽ௠ ՜ ሼ0,1ሽ௠  be a 

Boolean map and ݇: ሼ0,1ሽ௠ ՜ ܲbe a bijection function as described above. We now define a new map 

:݌ ܲ ՜ ܲ that is isomorphic to ݄ as follows: 

݌ ൌ ݇ ל ݄ ל ݇ିଵ                                                                (31) 

The map ݌ can be represented by the following matrix: 

ܵሺ݌ሻ ൌ ቂ
ଵ݌ ଶ݌ … ଶ೘݌
ଵሻ݌ሺ݌ ଶሻ݌ሺ݌ … ଶ೘ሻ݌ሺ݌

ቃ                                               ሺ32ሻ 

It is important to note that ܵሺ݌ሻ in Equation (32) serves as an alternate representation of the truth table. 

However, ܵሺ݌ሻ provides a more compact form, making it easier to identify the Boolean states and their 

corresponding subsequent states, as well as any underlying patterns. This streamlined representation aids in the 

analytical study of Boolean networks, even those with an indeterminate number of nodes, this was further 

illustrated in (Wang et. al, 2023) with provisional examples.  

2.5 Perturbed diphtheria pathogenesis network 

In the study by Ugbene and Utoyo (2024), a Boolean network model was proposed to encapsulate the 

regulatory interactions among eight key genes implicated in diphtheria pathogenesis. This network, which 

captures the genetic interplay underlying the pathogenesis of diphtheria, is modeled using Boolean transition 

functions. To this end, boolean variables were assigned to each of the eight key genes. In the model, the 

variable  ܽଵሺݐሻ represents the expression of the toxin gene (Tox), ܽଶሺݐሻ denotes the repressor gene (Rep), 

ܽଷሺݐሻ corresponds to the inflammatory mediator INF1, ܽସሺݐሻ  to INF2, ܽହሺݐሻ to the Toll-like receptor 

(TLR), ܽ଺ሺݐሻ to the transcription factor AP1,  ܽ଻ሺݐሻ to interleukin-6 (IL6), and ଼ܽሺݐሻ to tumor necrosis 

factor (TNF). Here we modify, adding a gain of function to suggest the fact that TNF down-regulates TLR 

expression and activity, while IL-6 up-regulates TLR expression and enhances its responsiveness (Tamandl et 

al., 2003; Smolinska et al., 2011; Chang et al., 2014) and also define the rule that Rep is regulated by the 

inhibitory of Tox or the expression of either INF1 or INF2. Each gene is represented by a Boolean variableܽ௜  

(for ݅ ൌ 1,… ,8), which can take the value 0 (inactive) or 1 (active). The evolution of the network is governed 

by discrete-time updates defined by the following Boolean equations:  
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ܽଵሺݐ ൅ 1ሻ ൌ ൓ܽଶሺݐሻ,
ܽଶሺݐ ൅ 1ሻ ൌ ൓ܽଵሺݐሻ ש ሺܽଷሺݐሻ ש ܽସሺݐሻሻ,
ܽଷሺݐ ൅ 1ሻ ൌ ܽହሺݐሻ ש ܽ଺ሺݐሻ,
ܽସሺݐ ൅ 1ሻ ൌ ܽହሺݐሻ ש ܽ଺ሺݐሻ ש ܽ଻ሺݐሻ,
ܽହሺݐ ൅ 1ሻ ൌ ൓଼ܽሺݐሻ ר ܽ଻ሺݐሻ,
ܽ଺ሺݐ ൅ 1ሻ ൌ ଼ܽሺݐሻ ש ܽ଻ሺݐሻ,
ܽ଻ሺݐ ൅ 1ሻ ൌ ܽଵሺݐሻ ש ܽଷሺݐሻ,
଼ܽሺݐ ൅ 1ሻ ൌ ܽଵሺݐሻ ש ܽ଺ሺݐሻ.

                                                                       ሺ33ሻ 

In these equations, the symbol ൓ܽ௜ denotes the logical NOT of ܽ௜,ר denotes the logical AND, and ש 

denotes the logical OR. 

 

3 Results 

3.1 Conversion to a linear dynamical system via the semi-tensor product method 
The semi-tensor product (STP) method is an effective algebraic technique that transforms Boolean networks 

into linear dynamical systems, thereby enabling the application of linear system theory to analyze network 

dynamics. Within this framework, each Boolean variable ݔ௜ is represented by a two-dimensional vector. 

Specifically, the Boolean value 1(true) is represented by the vector  

ଶߛ
ଵ ൌ ቂ1

0
ቃ, 

and the value 0 (false) is represented by 

ଶߛ
ଶ ൌ ቂ0

1
ቃ. 

Thus, the state of each gene can be expressed in vector form.The overall state of the eight-gene network is then 

given by the semi-tensor (or Kronecker) product of the individual gene state vectors: 

ܣ ൌ ܽଵ ڈ ܽଶ ڈڮڈ ଼ܽ א Թଶఴ, 

Whereڈdenotes the semi-tensor product and ܣ is a 256 ൈ 1 vector that encapsulates the entire state of the 

network.Each Boolean function ௜݂ : ሼ0,1ሽ଼ ՜ ሼ0,1ሽ  corresponding to the update rule of geneݔ௜  is then 

converted into an algebraic form. More precisely, there exists a structure matrix ௜ܰ א Թଶൈଶఴ, such that the 

update rule can be written as 

ܽ௜
ା ൌ ௜ܰܣ, 

where the output ݔ௜
ା is represented in vector form; that is, it is ߛଶ

ଵ if ௜݂ሺܺሻ ൌ 1 and ߛଶ
ଶ if ௜݂ሺܺሻ ൌ 0. The 

structure matrix ܯ௜ is constructed by first enumerating all ሺ2଼ሻpossible states of the network and then 

mapping the Boolean output of ௜݂for each state to its corresponding canonical vector.To illustrate, consider the 

Boolean update for gene ܽଵ: 

ܽଵ
ା ൌ ൓ܽଶ. 

For each of the 256 possible input states ܺ , the value of ൓ܽଶ  is computed. If the output is 1, the 

corresponding column of  ଵܰ is set to ߛଶ
ଵ; if the output is 0, it is set toߛଶ

ଶ. A similar procedure is applied to 

obtain the structure matrices  ଶܰ, ଷܰ, … , ଼ܰ  for the other genes.Once the structure matrices for all eight 

genes have been determined, the overall dynamics of the network can be encapsulated in a single linear 

equation. By combining the individual gene update equations, we can express the complete state transition of 

the network in the compact form: 
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ݐሺܣ ൅ 1ሻ ൌ  ,ሻݐሺܣܮ

where ܮ א Թଶఴൈଶఴis the global transition matrix of the network. The matrix ܮis constructed by appropriately 

integrating the individual structure matrices ܯூand reflects the one-step evolution of the network state.The 

construction of ܮ involves defining an indexing function ݄: ሼ0,1ሽ଼ ՜ ሼ1,2,… ,256ሽ  that assigns a unique 

integer to each Boolean state. In this way, the ݆th column of \( L \) corresponds to the state into which the 

network transitions from the ݆th state (as ordered by ݄). Although the explicit form of ܮ is generally too 

cumbersome to present in full due to its size, its construction is systematic and follows directly from the STP 

method. Each entry in ܮ is determined by the outputs of the structure matrices,  ଵܰ, … , ଼ܰ corresponding to 

the appropriate Boolean functions evaluated at each state. Mathematically, writting the equation (33) in a 

structured matrix form; 

ܽଵሺݐ ൅ 1ሻ ൌ ܰ௠ܽଶሺݐሻ,
ܽଶሺݐ ൅ 1ሻ ൌ ௗܰሺሺܰ௠ܽଵሺݐሻሻሺ ௗܰܽଷሺݐሻܽସሺݐሻሻሻ,
ܽଷሺݐ ൅ 1ሻ ൌ ௗܰܽହሺݐሻܽ଺ሺݐሻ,
ܽସሺݐ ൅ 1ሻ ൌ ௗܰሺܽହሺݐሻሺ ௗܰܽ଺ሺݐሻܽ଻ሺݐሻሻሻ,
ܽହሺݐ ൅ 1ሻ ൌ ௖ܰሺܰ௠଼ܽሺݐሻܽ଻ሺݐሻሻ,
ܽ଺ሺݐ ൅ 1ሻ ൌ ௗ଼ܰܽሺݐሻܽ଻ሺݐሻ,
ܽ଻ሺݐ ൅ 1ሻ ൌ ௗܰܽଵሺݐሻܽଷሺݐሻ,
଼ܽሺݐ ൅ 1ሻ ൌ ௗܰܽଵሺݐሻܽ଺ሺݐሻ.

                                                           ሺ34ሻ 

So that, 

ܽଵሺݐ ൅ 1ሻ ൌ ܰ௠ܽଶሺݐሻ,
ܽଶሺݐ ൅ 1ሻ ൌ ௗܰሺܰ௠ሺܫଶ ٔ ௗܰሻܽଵሺݐሻܽଷሺݐሻܽସሺݐሻሻ,
ܽଷሺݐ ൅ 1ሻ ൌ ௗܰܽହሺݐሻܽ଺ሺݐሻ,
ܽସሺݐ ൅ 1ሻ ൌ ௗܰሺܫଶ ٔ ௗܰሻܽହሺݐሻܽ଺ሺݐሻܽ଻ሺݐሻ,
ܽହሺݐ ൅ 1ሻ ൌ ௖ܰሺܰ௠଼ܽሺݐሻܽ଻ሺݐሻሻ,
ܽ଺ሺݐ ൅ 1ሻ ൌ ௗ଼ܰܽሺݐሻܽ଻ሺݐሻ,
ܽ଻ሺݐ ൅ 1ሻ ൌ ௗܰܽଵሺݐሻܽଷሺݐሻ,
଼ܽሺݐ ൅ 1ሻ ൌ ௗܰܽଵሺݐሻܽ଺ሺݐሻ.

                                                       ሺ35ሻ 

Setting ܣሺݐሻ ൌ ܽଵሺݐሻܽଶሺݐሻܽଷሺݐሻܽସሺݐሻܽହሺݐሻܽ଺ሺݐሻܽ଻ሺݐሻ଼ܽሺݐሻ, we can calculate ܮ as 

ݐሺܣ ൅ 1ሻ ൌ ܰ௠ሺܫଶ ٔ ௗܰሺܰ௠ሺܫଶ ٔ ௗܰሻሻሻሺܫଶర ٔ ௗܰሻሺܫଶల ٔ ௗܰሺܫଶ ٔ ௗܰሻሻሺܫଶళ ٔ ௖ܰܰ௠ሻ
ሺܫଶఴ ٔ ሺܫଶఴ ٔ ሺܫଶఴ ٔ ௗܰሻሻሻ ሾܵଶሿሺܫଶఱ ٔ ሾܵଶሿሻሺܫଶర ٔ ௦ܰሻሺܫଶఱ ٔ ௦ܰሻሺܫଶళ ٔ ሾܵଶሿሻ
ሺܫଶళ ٔ ௦ܰሻሺܫଶఴ ٔ ௦ܰሻሺܫଶళ ٔ ሾܵଶሿሻሺܫଶళ ٔ ௦ܰሻሺܫଶఴ ٔ ௦ܰሻሺܫଶఴ ٔ ሾܵଶሿሻ
ሺܫଶళ ٔ ܵሾଶ,ଶళሿሻሺܫଶ ٔ ௦ܰሻሺܫଶఱ ٔ ܵሾଶ,ଶఱሿሻሺܫଶమ ٔ ௦ܰሻሺܫଶమ ٔ ܵሾଶ,ଶమሿሻ
ሺܫଶఱ ٔ ௦ܰሻܽଵሺݐሻܽଶሺݐሻܽଷሺݐሻܽସሺݐሻܽହሺݐሻܽ଺ሺݐሻܽ଻ሺݐሻ଼ܽሺݐሻ

        ሺ36ሻ 

Hence  

ܮ ൌ ܰ௠ሺܫଶ ٔ ௗܰሺܰ௠ሺܫଶ ٔ ௗܰሻሻሻሺܫଶర ٔ ௗܰሻሺܫଶల ٔ ௗܰሺܫଶ ٔ ௗܰሻሻሺܫଶళ ٔ ௖ܰܰ௠ሻ
ሺܫଶఴ ٔ ሺܫଶఴ ٔ ሺܫଶఴ ٔ ௗܰሻሻሻ ሾܵଶሿሺܫଶఱ ٔ ሾܵଶሿሻሺܫଶర ٔ ௦ܰሻሺܫଶఱ ٔ ௦ܰሻሺܫଶళ ٔ ሾܵଶሿሻ
ሺܫଶళ ٔ ௦ܰሻሺܫଶఴ ٔ ௦ܰሻሺܫଶళ ٔ ሾܵଶሿሻሺܫଶళ ٔ ௦ܰሻሺܫଶఴ ٔ ௦ܰሻሺܫଶఴ ٔ ሾܵଶሿሻሺܫଶళ ٔ ܵሾଶ,ଶళሿሻ
ሺܫଶ ٔ ௦ܰሻሺܫଶఱ ٔ ܵሾଶ,ଶఱሿሻሺܫଶమ ٔ ௦ܰሻሺܫଶమ ٔ ܵሾଶ,ଶమሿሻሺܫଶఱ ٔ ௦ܰሻ

                  ሺ37ሻ 

Then this can be solved as  
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ܮ ൌ ଶହ଺ሾ419431936819667195419631956819667195ߛ
1620615205802087920716208152078020879207
144206143205208208207207144208143207208208207
207144206143205208208207207144208143207208208207
20760250592491242521232516025259251124252123
25164254632531282561272556425663255128256127
255192254191253256256255255192256191255256256255
255192254191253256256255255192256191255256256255
255362263522510022899227362283522710022899
22748238472371122401112394824047239112240111
239176236175237240240239239176240175239240240239
239176236175237240240239239176240175239240240239
23944234432331082361072354423643235108236107
23548238472371122401112394824047239112240111
239176238175237240240239239176240175239240240239
239176238175237240240239239176240175239240240239239ሿ

 

When we mapped out the system’s behavior using semi-tensor product (STP) analysis, what stood out was 

how predictable it all became. No chaos, no endless loops, just two clear endpoints it always settles into. The 

first,  

ଶହ଺ߛ
ଶଷଽ (corresponding to state 01110111) with a large basin of 254 states, 

acts like a giant magnet. Almost every starting point, 254 out of 256!, gets pulled here. Imagine a bustling city: 

immune sensors like TLR are on high alert, cytokines like IL6 and TNF are shouting orders, and interferon 

signals (INF1/INF2) are flashing warnings. But here’s the kicker, the toxin gene stays silent. It’s like the 

body’s defense team is working overtime, but without friendly fire. Then there’s  

ଷߛ
ଷ (corresponding to state 01000000) with a small basin of 2 states, 

the quiet cousin. Only two paths lead here, and it’s a ghost town in comparison. Just INF1 flickering faintly, 

like a lone nightlight, while everything else, TLR, AP1, IL6, TNF, shuts down. This attractor feels fragile, like 

balancing a pencil on its tip. Breathe too hard, and it topples back into Attractor 1. What’s cool, and a bit 

surprising, is that the system doesn’t cycle. No back-and-forth, no pendulum swings. It’s all-or-nothing: either 

full-throttle immune mode or near-silence. This “bistability” tells us the system’s wired for extremes, not 

middle grounds.  

Using STP here wasn’t just math gymnastics. It’s like reverse-engineering the system’s rulebook. We saw 

why Attractor 1 dominates (it’s got all the reinforcement loops, think IL6 propping up TLR, which feeds back 

into IL6) and why Attractor 2 is a fluke (no backup, no safety nets). For folks designing treatments, this is 

huge. Want to keep the body in defense mode? Boost those feedback loops. Need to calm an overzealous 

response? Maybe tweak INF1 to nudge things toward quiet, but good luck, since it’s like herding cats.  

Bottom line? Tools like STP turn abstract networks into something we can actually work with. They’re not just 

for theorists, they help us see where to push, pull, or patch things up. And in a world where pathogens play 

dirty, that’s a pretty solid advantage. 

3.2 Conversion via the permutation method 

Here, we use the permutation-based technique to examine Boolean maps over finite state spaces, offering a 

clear window into the system's dynamics. We start with a Boolean function 

:݌ ሼ0,1ሽ଼ ՜ ሼ0,1ሽ଼, 

and we work with the canonical basis of Թଶఴ, denoted by 
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଼ܸ ൌ ሼ݁ଵ, ݁ଶ, … , ݁ଶఴሽ. 

To uniquely identify each 8-bit vector, we introduce a bijection 

݃: ሼ0,1ሽ଼ ՜ ሼ1,2, … , 2଼ሽ, 

which assigns a distinct index to every element of ሼ0,1ሽ଼. Using this bijection, we define a mapping 

ሻݖሺܭ ൌ ߳௚ሺ௭ሻ  forݖ א ሼ0,1ሽ଼, 

where ߳௚ሺ௭ሻ denotes the corresponding standard basis vector in ଼ܸ . 

 

Table 1 An isomorphic mapping of the state transitions in the Boolean network (All Possible State Transitions). 

p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p ܵሺ݌ሻ p ܵሺ݌ሻ p ܵሺ݌ሻ p  ܵሺ݌ሻ  p  ܵሺ݌ሻ

݁ଵ  ݁ସ  ݁ଶ  ݁ଵଽସ  ݁ଷ  ݁ଷ  ݁ସ ݁ଵଽଷ ݁ହ ݁଺଼ ݁଺ ݁ଵଽ଺ ݁଻  ݁଺଻  ଼݁  ݁ଵଽହ

݁ଽ  ݁ସ  ݁ଵ଴  ݁ଵଽ଺  ݁ଵଵ  ݁ଷ  ݁ଵଶ ݁ଵଽହ ݁ଵଷ ݁଺଼ ݁ଵସ ݁ଵଽ଺ ݁ଵହ  ݁଺଻  ݁ଵ଺ ݁ଵଽହ

݁ଵ଻  ݁ଵ଺  ݁ଵ଼  ݁ଶ଴଺  ݁ଵଽ  ݁ଵହ  ݁ଶ଴ ݁ଶ଴ହ ݁ଶଵ ଼݁଴ ݁ଶଶ ݁ଶ଴଼ ݁ଶଷ  ݁଻ଽ  ݁ଶସ ݁ଶ଴଻

݁ଶହ  ݁ଵ଺  ݁ଶ଺  ݁ଶ଴଼  ݁ଶ଻  ݁ଵହ  ݁ଶ଼ ݁ଶ଴଻ ݁ଶଽ ଼݁଴ ݁ଷ଴ ݁ଶ଴଼ ݁ଷଵ  ݁଻ଽ  ݁ଷଶ ݁ଶ଴଻

݁ଷଷ  ݁ଵସସ  ݁ଷସ  ݁ଶ଴଺  ݁ଷହ  ݁ଵସଷ  ݁ଷ଺ ݁ଶ଴ହ ݁ଷ଻ ݁ଶ଴଼ ݁ଷ଼ ݁ଶ଴଼ ݁ଷଽ  ݁ଶ଴଻  ݁ସ଴ ݁ଶ଴଻

݁ସଵ  ݁ଵସସ  ݁ସଶ  ݁ଶ଴଼  ݁ସଷ  ݁ଵସଷ  ݁ସସ ݁ଶ଴଻ ݁ସହ ݁ଶ଴଼ ݁ସ଺ ݁ଶ଴଼ ݁ସ଻  ݁ଶ଴଻  ݁ସ଼ ݁ଶ଴଻

݁ସଽ  ݁ଵସସ  ݁ହ଴  ݁ଶ଴଺  ݁ହଵ  ݁ଵସଷ  ݁ହଶ ݁ଶ଴ହ ݁ହଷ ݁ଶ଴଼ ݁ହସ ݁ଶ଴଼ ݁ହହ  ݁ଶ଴଻  ݁ହ଺ ݁ଶ଴଻

݁ହ଻  ݁ଵସସ  ݁ହ଼  ݁ଶ଴଼  ݁ହଽ  ݁ଵସଷ  ݁଺଴ ݁ଶ଴଻ ݁଺ଵ ݁ଶ଴଼ ݁଺ଶ ݁ଶ଴଼ ݁଺ଷ  ݁ଶ଴଻  ݁଺ସ ݁ଶ଴଻

݁଺ହ  ݁଺଴  ݁଺଺  ݁ଶହ଴  ݁଺଻  ݁ହଽ  ݁଺଼ ݁ଶସଽ ݁଺ଽ ݁ଵଶସ ݁଻଴ ݁ଶହଶ ݁଻ଵ  ݁ଵଶଷ  ݁଻ଶ ݁ଶହଵ

݁଻ଷ  ݁଺଴  ݁଻ସ  ݁ଶହଶ  ݁଻ହ  ݁ହଽ  ݁଻଺ ݁ଶହଵ ݁଻଻ ݁ଵଶସ ݁଻଼ ݁ଶହଶ ݁଻ଽ  ݁ଵଶଷ  ଼݁଴ ݁ଶହଵ

଼݁ଵ  ݁଺ସ  ଼݁ଶ  ݁ଶହସ  ଼݁ଷ  ݁଺ଷ  ଼݁ସ ݁ଶହଷ ଼݁ହ ݁ଵଶ଼ ଼݁଺ ݁ଶହ଺ ଼݁଻  ݁ଵଶ଻  ଼଼݁ ݁ଶହହ

଼݁ଽ  ݁଺ସ  ݁ଽ଴  ݁ଶହ଺  ݁ଽଵ  ݁଺ଷ  ݁ଽଶ ݁ଶହହ ݁ଽଷ ݁ଵଶ଼ ݁ଽସ ݁ଶହ଺ ݁ଽହ  ݁ଵଶ଻  ݁ଽ଺ ݁ଶହହ

݁ଽ଻  ݁ଵଽଶ  ݁ଽ଼  ݁ଶହସ  ݁ଽଽ  ݁ଵଽଵ  ݁ଵ଴଴ ݁ଶହଷ ݁ଵ଴ଵ ݁ଶହ଺ ݁ଵ଴ଶ ݁ଶହ଺ ݁ଵ଴ଷ  ݁ଶହହ  ݁ଵ଴ସ ݁ଶହହ

݁ଵ଴ହ  ݁ଵଽଶ  ݁ଵ଴଺  ݁ଶହ଺  ݁ଵ଴଻  ݁ଵଽଵ  ݁ଵ଴଼ ݁ଶହହ ݁ଵ଴ଽ ݁ଶହ଺ ݁ଵଵ଴ ݁ଶହ଺ ݁ଵଵଵ  ݁ଶହହ  ݁ଵଵଶ ݁ଶହହ

݁ଵଵଷ  ݁ଵଽଶ  ݁ଵଵସ  ݁ଶହସ  ݁ଵଵହ  ݁ଵଽଵ  ݁ଵଵ଺ ݁ଶହଷ ݁ଵଵ଻ ݁ଶହ଺ ݁ଵଵ଼ ݁ଶହ଺ ݁ଵଵଽ  ݁ଶହହ  ݁ଵଶ଴ ݁ଶହହ
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݁ଵଶଵ  ݁ଵଽଶ  ݁ଵଶଶ  ݁ଶହ଺  ݁ଵଶଷ  ݁ଵଽଵ  ݁ଵଶସ ݁ଶହହ ݁ଵଶହ ݁ଶହ଺ ݁ଵଶ଺ ݁ଶହ଺ ݁ଵଶ଻  ݁ଶହହ  ݁ଵଶ଼ ݁ଶହହ

݁ଵଶଽ  ݁ଷ଺  ݁ଵଷ଴  ݁ଶଶ଺  ݁ଵଷଵ  ݁ଷହ  ݁ଵଷଶ ݁ଶଶହ ݁ଵଷଷ ݁ଵ଴଴ ݁ଵଷସ ݁ଶଶ଼ ݁ଵଷହ  ݁ଽଽ  ݁ଵଷ଺ ݁ଶଶ଻

݁ଵଷ଻  ݁ଷ଺  ݁ଵଷ଼  ݁ଶଶ଼  ݁ଵଷଽ  ݁ଷହ  ݁ଵସ଴ ݁ଶଶ଻ ݁ଵସଵ ݁ଵ଴଴ ݁ଵସଶ ݁ଶଶ଼ ݁ଵସଷ  ݁ଽଽ  ݁ଵସସ ݁ଶଶ଻

݁ଵସହ  ݁ସ଼  ݁ଵସ଺  ݁ଶଷ଼  ݁ଵସ଻  ݁ସ଻  ݁ଵସ଼ ݁ଶଷ଻ ݁ଵସଽ ݁ଵଵଶ ݁ଵହ଴ ݁ଶସ଴ ݁ଵହଵ  ݁ଵଵଵ  ݁ଵହଶ ݁ଶଷଽ

݁ଵହଷ  ݁ସ଼  ݁ଵହସ  ݁ଶସ଴  ݁ଵହହ  ݁ସ଻  ݁ଵହ଺ ݁ଶଷଽ ݁ଵହ଻ ݁ଵଵଶ ݁ଵହ଼ ݁ଶସ଴ ݁ଵହଽ  ݁ଵଵଵ  ݁ଵ଺଴ ݁ଶଷଽ

݁ଵ଺ଵ  ݁ଵ଻଺  ݁ଵ଺ଶ  ݁ଶଷ଺  ݁ଵ଺ଷ  ݁ଵ଻ହ  ݁ଵ଺ସ ݁ଶଷ଻ ݁ଵ଺ହ ݁ଶସ଴ ݁ଵ଺଺ ݁ଶସ଴ ݁ଵ଺଻  ݁ଶଷଽ  ݁ଵ଺଼ ݁ଶଷଽ

݁ଵ଺ଽ  ݁ଵ଻଺  ݁ଵ଻଴  ݁ଶସ଴  ݁ଵ଻ଵ  ݁ଵ଻ହ  ݁ଵ଻ଶ ݁ଶଷଽ ݁ଵ଻ଷ ݁ଶସ଴ ݁ଵ଻ସ ݁ଶସ଴ ݁ଵ଻ହ  ݁ଶଷଽ  ݁ଵ଻଺ ݁ଶଷଽ

݁ଵ଻଻  ݁ଵ଻଺  ݁ଵ଻଼  ݁ଶଷ଺  ݁ଵ଻ଽ  ݁ଵ଻ହ  ݁ଵ଼଴ ݁ଶଷ଻ ݁ଵ଼ଵ ݁ଶସ଴ ݁ଵ଼ଶ ݁ଶସ଴ ݁ଵ଼ଷ  ݁ଶଷଽ  ݁ଵ଼ସ ݁ଶଷଽ

݁ଵ଼ହ  ݁ଵ଻଺  ݁ଵ଼଺  ݁ଶସ଴  ݁ଵ଼଻  ݁ଵ଻ହ  ݁ଵ଼଼ ݁ଶଷଽ ݁ଵ଼ଽ ݁ଶସ଴ ݁ଵଽ଴ ݁ଶସ଴ ݁ଵଽଵ  ݁ଶଷଽ  ݁ଵଽଶ ݁ଶଷଽ

݁ଵଽଷ  ݁ସସ  ݁ଵଽସ  ݁ଶଷସ  ݁ଵଽହ  ݁ସଷ  ݁ଵଽ଺ ݁ଶଷଷ ݁ଵଽ଻ ݁ଵ଴଼ ݁ଵଽ଼ ݁ଶଷ଺ ݁ଵଽଽ  ݁ଵ଴଻  ݁ଶ଴଴ ݁ଶଷହ

݁ଶ଴ଵ  ݁ସସ  ݁ଶ଴ଶ  ݁ଶଷ଺  ݁ଶ଴ଷ  ݁ସଷ  ݁ଶ଴ସ ݁ଶଷହ ݁ଶ଴ହ ݁ଵ଴଼ ݁ଶ଴଺ ݁ଶଷ଺ ݁ଶ଴଻  ݁ଵ଴଻  ݁ଶ଴଼ ݁ଶଷହ

݁ଶ଴ଽ  ݁ସ଼  ݁ଶଵ଴  ݁ଶଷ଼  ݁ଶଵଵ  ݁ସ଻  ݁ଶଵଶ ݁ଶଷ଻ ݁ଶଵଷ ݁ଵଵଶ ݁ଶଵସ ݁ଶସ଴ ݁ଶଵହ  ݁ଵଵଵ  ݁ଶଵ଺ ݁ଶଷଽ

݁ଶଵ଻  ݁ସ଼  ݁ଶଵ଼  ݁ଶସ଴  ݁ଶଵଽ  ݁ସ଻  ݁ଶଶ଴ ݁ଶଷଽ ݁ଶଶଵ ݁ଵଵଶ ݁ଶଶଶ ݁ଶସ଴ ݁ଶଶଷ  ݁ଵଵଵ  ݁ଶଶସ ݁ଶଷଽ

݁ଶଶହ  ݁ଵ଻଺  ݁ଶଶ଺  ݁ଶଷ଼  ݁ଶଶ଻  ݁ଵ଻ହ  ݁ଶଶ଼ ݁ଶଷ଻ ݁ଶଶଽ ݁ଶସ଴ ݁ଶଷ଴ ݁ଶସ଴ ݁ଶଷଵ  ݁ଶଷଽ  ݁ଶଷଶ ݁ଶଷଽ

݁ଶଷଷ  ݁ଵ଻଺  ݁ଶଷସ  ݁ଶସ଴  ݁ଶଷହ  ݁ଵ଻ହ  ݁ଶଷ଺ ݁ଶଷଽ ݁ଶଷ଻ ݁ଶସ଴ ݁ଶଷ଼ ݁ଶସ଴ ݁ଶଷଽ  ݁ଶଷଽ  ݁ଶସ଴ ݁ଶଷଽ

݁ଶସଵ  ݁ଵ଻଺  ݁ଶସଶ  ݁ଶଷ଼  ݁ଶସଷ  ݁ଵ଻ହ  ݁ଶସସ ݁ଶଷ଻ ݁ଶସହ ݁ଶସ଴ ݁ଶସ଺ ݁ଶସ଴ ݁ଶସ଻  ݁ଶଷଽ  ݁ଶସ଼ ݁ଶଷଽ

݁ଶସଽ  ݁ଵ଻଺  ݁ଶହ଴  ݁ଶସ଴  ݁ଶହଵ  ݁ଵ଻ହ  ݁ଶହଶ ݁ଶଷଽ ݁ଶହଷ ݁ଶସ଴ ݁ଶହସ ݁ଶସ଴ ݁ଶହହ  ݁ଶଷଽ  ݁ଶହ଺ ݁ଶଷଽ

     

 

Table 2 Essential state transitions. 

p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p ܵሺ݌ሻ p ܵሺ݌ሻ p ܵሺ݌ሻ p  ܵሺ݌ሻ  p  ܵሺ݌ሻ

݁ଷ  ݁ଷ  ݁ସ  ݁ଵଽଷ  ݁ଵହ  ݁଺଻  ݁ଵ଺ ݁ଵଽହ ݁ଷହ ݁ଵସଷ ݁ଷ଺ ݁ଶ଴ହ ݁ସଷ  ݁ଵସଷ  ݁ସସ ݁ଶ଴଻
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݁ସ଻  ݁ଶ଴଻  ݁ସ଼  ݁ଶ଴଻  ݁ହଽ  ݁ଵସଷ  ݁ହ଴ ݁ଶ଴଻ ݁଺ଷ ݁ଶ଴଻ ݁଺ସ ݁ଶ଴଻ ݁଺଻  ݁ହଽ  ݁଺଼ ݁ଶସଽ

݁଻ଽ  ݁ଵଶଷ  ଼݁଴  ݁ଶହଵ  ݁ଽଽ  ݁ଵଽଵ  ݁ଵ଴଴ ݁ଶହଷ ݁ଵ଴଻ ݁ଵଽଵ ݁ଵ଴଼ ݁ଶହହ ݁ଵଵଵ  ݁ଶହହ  ݁ଵଵଶ ݁ଶହହ

݁ଵଶଷ  ݁ଵଽଵ  ݁ଵଶସ  ݁ଶହହ  ݁ଵଶ଻  ݁ଶହହ  ݁ଵଶ଼ ݁ଶହହ ݁ଵସଷ ݁ଽଽ ݁ଵସସ ݁ଶଶ଻ ݁ଵ଻ହ  ݁ଶଷଽ  ݁ଵ଻଺ ݁ଶଷଽ

݁ଵଽଵ  ݁ଶଷଽ  ݁ଵଽଶ  ݁ଶଷଽ  ݁ଵଽଷ  ݁ସସ  ݁ଵଽସ ݁ଶଷସ ݁ଵଽହ ݁ସଷ ݁ଵଽ଺ ݁ଶଷଷ ݁ଶ଴ହ  ݁ଵ଴଼  ݁ଶ଴଺ ݁ଶଷ଺

݁ଶ଴଻  ݁ଵ଴଻  ݁ଶ଴଼  ݁ଶଷହ  ݁ଶଶହ  ݁ଵ଻଺  ݁ଶଶ଺ ݁ଶଷ଼ ݁ଶଶ଻ ݁ଵ଻ହ ݁ଶଶ଼ ݁ଶଷ଻ ݁ଶଷଷ  ݁ଵ଻଺  ݁ଶଷସ ݁ଶସ଴

݁ଶଷହ  ݁ଵ଻ହ  ݁ଶଷ଺  ݁ଶଷଽ  ݁ଶଷ଻  ݁ଶସ଴  ݁ଶଷ଼ ݁ଶସ଴ ݁ଶଷଽ ݁ଶଷଽ ݁ଶସ଴ ݁ଶଷଽ ݁ଶସଽ  ݁ଵ଻଺  ݁ଶହ଴ ݁ଶସ଴

݁ଶହଵ  ݁ଵ଻ହ  ݁ଶହଶ  ݁ଶଷଽ  ݁ଶହଷ  ݁ଶସ଴  ݁ଶହସ ݁ଶସ଴ ݁ଶହହ ݁ଶଷଽ ݁ଶହ଺ ݁ଶଷଽ      

    

 

Table 3 Paths to stability. 

p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p ܵሺ݌ሻ p ܵሺ݌ሻ p ܵሺ݌ሻ p  ܵሺ݌ሻ  p  ܵሺ݌ሻ

݁ଷ  ݁ଷ  ݁ସଷ  ݁ଵସଷ  ݁ସସ  ݁ଶ଴଻  ݁ହଽ ݁ଵସଷ ݁଺଻ ݁ହଽ ݁ଽଽ ݁ଵଽଵ ݁ଵ଴଻  ݁ଵଽଵ  ݁ଵ଴଼ ݁ଶହହ

݁ଵଶଷ  ݁ଵଽଵ  ݁ଵସଷ  ݁ଽଽ ݁ଵ଻ହ  ݁ଶଷଽ  ݁ଵ଻଺ ݁ଶଷଽ ݁ଵଽଵ ݁ଶଷଽ ݁ଵଽଷ ݁ସସ ݁ଵଽହ  ݁ସଷ  ݁ଶ଴ହ ݁ଵ଴଼

݁ଶ଴଻  ݁ଵ଴଻  ݁ଶଶ଻  ݁ଵ଻ହ  ݁ଶଷଷ  ݁ଵ଻଺  ݁ଶଷସ ݁ଶସ଴ ݁ଶଷହ ݁ଵ଻ହ ݁ଶଷ଺ ݁ଶଷଽ ݁ଶଷ଻  ݁ଶସ଴  ݁ଶଷ଼ ݁ଶସ଴

݁ଶଷଽ  ݁ଶଷଽ  ݁ଶସ଴  ݁ଶଷଽ  ݁ଶସଽ  ݁ଵ଻଺  ݁ଶହଵ ݁ଵ଻ହ ݁ଶହଷ ݁ଶସ଴ ݁ଶହହ ݁ଶଷଽ      

     

 

Table 4 Roadmap to attractors. 

p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p  ܵሺ݌ሻ  p ܵሺ݌ሻ p ܵሺ݌ሻ p ܵሺ݌ሻ p  ܵሺ݌ሻ  p  ܵሺ݌ሻ

݁ଷ  ݁ଷ  ݁ସଷ  ݁ଵସଷ ݁ସସ  ݁ଶ଴଻  ݁ହଽ ݁ଵସଷ ݁ଽଽ ݁ଵଽଵ ݁ଵ଴଻ ݁ଵଽଵ ݁ଵ଴଼  ݁ଶହହ  ݁ଵସଷ ݁ଽଽ

݁ଵ଻ହ  ݁ଶଷଽ  ݁ଵ଻଺  ݁ଶଷଽ ݁ଵଽଵ  ݁ଶଷଽ  ݁ଶ଴଻ ݁ଵ଴଻ ݁ଶଷଽ ݁ଶଷଽ ݁ଶସ଴ ݁ଶଷଽ ݁ଶହହ  ݁ଶଷଽ   

  

 

Table 5 Limit sets. 

p  ܵሺ݌ሻ  p  ܵሺ݌ሻ p  ܵሺ݌ሻ  p ܵሺ݌ሻ p ܵሺ݌ሻ p ܵሺ݌ሻ p  ܵሺ݌ሻ  p  ܵሺ݌ሻ

݁ଷ  ݁ଷ  ݁ଽଽ  ݁ଵଽଵ ݁ଵ଴଻  ݁ଵଽଵ  ݁ଵସଷ ݁ଽଽ ݁ଵଽଵ ݁ଶଷଽ ݁ଶ଴଻ ݁ଵ଴଻ ݁ଶଷଽ  ݁ଶଷଽ  ݁ଶହହ ݁ଶଷଽ
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Next, we transform the original function ݌ by considering 

ܵሺ݌ሻ ൌ ܭ ל ݌ ל  .ଵିܭ

This re-expression of ݌ in the space ଼ܸ  preserves its dynamic behavior, but now in a linear algebraic form. In 

fact, we can write 

ܵሺ݌ሻ ൌ ,݌ܯ forݒ א ଼ܸ , 

where the matrixܯ is constructed as 

ܯ ൌ ሾܵሺ݁ଵሻ, ܵሺ݁ଶሻ, … , ܵሺ݁ଶఴሻሿ.                                                        (38) 

As noted in Wang et al. (2023), this approach offers a straightforward linear representation of Boolean 

dynamics, making it easier to analyze state transitions. A particularly useful aspect of this method is that it 

enables us to remove nonessential states specifically, the transient states and those with no predecessors (often 

referred to as Garden-of-Eden states). For example, while our complete state transition (see Table 1) includes 

every state, Table 2, presents the system after these Garden-of-Eden states have been eliminated. Moreover, 

Tables 3 and 4 detail both the transient states and those that eventually contribute to the system's long-term 

behavior, with Table 5, isolating the final limit set.By filtering out these extraneous states, we gain a much 

clearer understanding of how the system ultimately settles into its attractors and the stability of its dynamics. 

This refined perspective not only streamlines our analysis but also enhances our insight into the structural 

properties of Boolean networks. The implications of these findings extend to various fields where 

understanding complex, discrete dynamic systems is essential. 

 

4 Discussion 

The findings from previous section has revealed profound insights into the regulatory logic of a Boolean 

network modeling diphtheria pathogenesis, where genes are encoded in the order Tox (toxin production), Rep 

(toxin repressor), INF1/INF2 (interferon signaling), TLR (Toll-like receptor), AP1 (transcription factor), IL6 

(interleukin-6), and TNF (tumor necrosis factor). By redefining the regulatory rules governing Rep, such that 

its activation is controlled either by the inhibition of Tox or the expression of INF1/INF2, the system was 

shown to converge exclusively to pathogen-free states, where toxin production is permanently silenced. This 

critical modification not only eliminated cycles in the network but also ensured that all transient states 

eventually funneled into stable attractors devoid of pathogenic activity. The absence of cycles underscores the 

system’s evolutionary design to prioritize stability and avoid oscillatory behaviors, which could otherwise lead 

to unpredictable or harmful immune responses. Biologically, this reflects a fail-safe mechanism where the 

host’s immune system is wired to suppress toxin production aggressively. The dual regulation of Rep, 

triggered either by direct inhibition of Tox or by interferon signaling (INF1/INF2), mimics real-world immune 

strategies where redundancy ensures robustness. For instance, even if Tox evades direct repression (e.g., 

through mutations), interferon signaling acts as a backup to activate Rep, ensuring toxin suppression. This 

redundancy aligns with the evolutionary arms race between pathogens and hosts, where layered defenses are 

critical for survival. The convergence to non-pathogenic states suggests that the network is intrinsically biased 

toward host protection, prioritizing toxin silencing over other outcomes. Furthermore, we had explored the role 

of TLR, a key immune sensor, by analyzing its overexpression and suppression. Overexpression of TLR, 

simulating hyperactive immune sensing—resulted in a single attractor (01111111) with a basin of 128 states, 

exactly half the size of the original basin observed under normal conditions. This attractor represents a 

hyper-inflammatory state where TLR, INF1/INF2, IL6, and TNF are fully active, while Rep remains inactive 

(Tox = 0). Paradoxically, despite Rep being off, toxin production is absent here, likely due to the 
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overwhelming immune activity indirectly suppressing Tox through other pathways. The halved basin size 

indicates reduced robustness, implying that hyperactive immunity destabilizes the system, making it more 

sensitive to perturbations. Conversely, suppressing TLR yielded the same attractors as the modified rules in 

earlier analyses, but with basins of identical size to the overexpression scenario. This symmetry suggests that 

TLR activity, whether excessive or absent, constrains the system’s flexibility, forcing it into a narrower range 

of stable states.        

These results have critical implications for understanding immune-pathogen interactions. The network’s 

preference for non-pathogenic states, even under extreme conditions like TLR overexpression, highlights the 

prioritization of host survival. The system’s architecture ensures that toxin production is suppressed unless 

multiple safeguards fail simultaneously. For example, the requirement for both INF1/INF2 and Rep 

inactivation to activate Tox creates a high threshold for pathogenicity, reducing the likelihood of accidental or 

transient toxin release. This aligns with biological systems where critical virulence factors are tightly regulated 

to avoid unnecessary host damage, which could otherwise compromise transmission or invite immune 

retaliation. The absence of cycles in the modified network further emphasizes its stability. In biological terms, 

cycles could represent harmful oscillations, such as recurrent inflammation or periodic toxin production, which 

would destabilize the host-pathogen equilibrium. The elimination of such behavior suggests that the network is 

optimized for monotonic convergence, once the system commits to a trajectory (e.g., immune activation or 

toxin suppression), it does not reverse course. This is analogous to “point-of-no-return” mechanisms in 

apoptosis or cell differentiation, where transitions are irreversible to ensure decisive outcomes. Practically, 

these findings offer a blueprint for therapeutic interventions. For instance, drugs that mimic INF1/INF2 

signaling could reinforce Rep activation, ensuring toxin suppression even in strains where Tox mutations 

evade direct repression. Similarly, modulating TLR activity, either enhancing or suppressing it, could help 

calibrate immune responses. The reduced basin size under TLR overexpression warns against therapies that 

hyperstimulate immune sensors, as this could shrink the system’s resilience to perturbations. Conversely, TLR 

suppression might be useful in curbing excessive inflammation without compromising toxin control, given that 

the core attractors remain unchanged. This also raises questions about evolutionary trade-offs. The network’s 

robustness against toxin production likely comes at a cost, such as energetic demands from sustained immune 

activity or vulnerability to pathogens that exploit interferon pathways. Future work could explore how these 

trade-offs shape pathogen evolution, for example, whether diphtheria evolves mutations to disrupt 

INF1/INF2-mediated Rep activation or to decouple TLR activity from downstream cytokine production.  In 

broader terms, this work exemplifies how Boolean modeling can unravel the logic of biological networks. By 

simplifying complex interactions into binary states, the model distills essential regulatory principles, 

redundancy, stability, and hierarchical control, that govern real-world systems. These principles are not unique 

to diphtheria; they resonate across immune networks, synthetic biology, and even ecological systems where 

stability and redundancy determine resilience. The methodology, particularly the permutation-based 

elimination of non-essential states, could be adapted to study other pathogens or cellular processes, offering a 

generalizable scheme for dissecting complexity.   

Ultimately, the study underscores a fundamental truth: biological systems are not just collections of 

components but orchestrated networks where structure dictates function. The precise arrangement of feedback 

loops, redundancy, and fail-safes in this diphtheria model reveals how evolution sculpts networks to balance 

aggression and restraint, ensuring survival in a chaotic world. For researchers, this means that tweaking 

individual nodes (e.g., Rep or TLR) can have ripple effects across the entire system, demanding holistic 

approaches to intervention. For clinicians, it reinforces the importance of understanding pathogen networks as 

dynamic systems, not static targets, a perspective that could transform how we design treatments for infectious 
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diseases. 

 
5 Conclusion 

The findings from this study provide a robust foundation for understanding and controlling the diphtheria 

pathogenesis network. By demonstrating that redefining the regulatory logic of the Rep gene, linking its 

activation to either the inhibition of Tox or the expression of INF1/INF2, ensures convergence to 

pathogen-free states, we highlight a critical mechanism for silencing toxin production. This regulatory 

redundancy, combined with the system’s cycle-free architecture, underscores its evolutionary optimization for 

stability and host protection. Furthermore, perturbations such as TLR overexpression or suppression reveal 

how immune hyperactivity or passivity constrains the system’s flexibility, narrowing its attractor landscape. 

These insights lay the groundwork for therapeutic strategies that exploit the network’s inherent logic to enforce 

toxin suppression or modulate immune responses.To implement these insights, future studies can leverage 

linear algebraic representations of Boolean dynamics for targeted control design. A Boolean control network 

can be conceptualized as a set of interconnected logical rules governing gene states, where inputs (e.g., drugs, 

cytokines) modulate transitions between states. For instance, consider a system with genes ܣଵ, ,ଶܣ … ,  ,௡ܣ

control inputs  ݑଵ, ,ଶݑ … , ,ଵݕ  ௠ (e.g., therapeutic agents), and outputsݑ ,ଶݕ … ,  ௣  (e.g., biomarkers). Theݕ

system’s evolution can be described as:  

൜
ݐ௜ሺܣ ൅ 1ሻ ൌ ௜݂ሺܣଵሺݐሻ, … , ,ሻݐ௡ሺܣ ,ሻݐଵሺݑ … , ,ሻሻݐ௠ሺݑ ݅ ൌ 1,… , ݊
ሻݐ௝ሺݕ ൌ ௝݄ሺܣଵሺݐሻ, … , ,ሻሻݐ௡ሺܣ ݆ ൌ 1,… , ݌                                     ሺ39ሻ 

Here,  ௜݂  and ௝݄  are logical functions encoding regulatory interactions. By combining state variables, 

controls, and outputs into composite vectors, ݔሺݐሻ(states), ݑሺݐሻ (controls), and ݕሺݐሻ (outputs), the system 

can be translated into a linear algebraic form:   

൜
ݐሺݔ ൅ 1ሻ ൌ ܮ ڄ ሻݐሺݑ ڈ ሻݐሺݔ
ሻݐሺݕ ൌ ܪ ڄ ሻݐሺݔ                                         (40) 

where ܮ and ܪ are structured matrices capturing the system’s logic. Crucially, this linearization enables the 

use of computational tools like the semi-tensor product (STP) to calculate control-dependent transitions and 

design interventions. Unlike brute-force methods, STP efficiently computes the time-varying transition matrix 

ሻݐሺܮ ൌ ௨ܮ ڈ  ሻ, which maps current states to future states under specific controls. This approach not onlyݐሺݔ

identifies viable control sequences but also clarifies input-output relationships, making it possible to pinpoint 

therapeutic targets that steer the network toward desired outcomes (e.g., toxin suppression). By bridging 

Boolean modeling with control theory, this approach transforms abstract network dynamics into actionable 

strategies. It offers a blueprint for precision medicine in infectious diseases, where interventions are designed 

not just to inhibit pathogens but to reprogram host-pathogen interactions at a systems level. Future work could 

extend this methodology to other virulence networks, opening avenues for universally applicable control 

paradigms in infectious disease management. This method reframes therapeutic design as a network control 

problem, where diseases are treated by steering biochemical systems toward health-associated attractors. 

Unlike conventional "one-drug-one-target" approaches, it embraces the complexity of biological networks, 

offering a path to therapies that are as adaptive and layered as the systems they aim to control. For diphtheria, 

this could mean combinatorial regimens that silence toxins, recalibrate immunity, and preempt resistance, all 

by leveraging the system’s own logic against it. In essence, we move from fighting pathogens to orchestrating 

a biochemical symphony where host protection is the final, inevitable note. 
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Table 6 boolean rules for the network. 

Node Boolean Transition Rules 

Tox NOT Rep 

Rep NOT Tox OR (INF1 OR INF2) 

INF1 TLR OR AP1 

INF2 TLR OR AP1 OR IL6 

TLR NOT TNF AND IL6 

AP1 TNF OR IL6 

IL6 Tox OR INF1 

TNF Tox OR AP1 

 

  

Table 7 Attractors and their basins. 

State Next State Attr. basin #trans. to attr 

߳ଵ ൌ 00000000 ߳ସ ൌ 11000000 1 7 

߳ଶ ൌ 10000000 ߳ଵଽସ ൌ 10000011 1 4 

߳ଷ ൌ 01000000 ߳ଷ ൌ 01000000 2 0 

߳ସ ൌ 11000000  ߳ଵଽଷ ൌ 00000011 1 6 

߳ହ ൌ 00100000  ߳଺଼ ൌ 11000010 1 4 

߳଺ ൌ 10100000  ߳ଵଽ଺ ൌ 11000011 1 4 

߳଻ ൌ 01100000  ߳଺଻ ൌ 01000010 1 6 

଼߳ ൌ 11100000  ߳ଵଽହ ൌ 01000011 1 6 

߳ଽ ൌ 00010000  ߳ସ ൌ 11000000 1 7 

߳ଵ଴ ൌ 10010000  ߳ଵଽ଺ ൌ 11000011 1 4 

߳ଵଵ ൌ 01010000  ߳ଷ ൌ 01000000 2 1 

߳ଵଶ ൌ 11010000  ߳ଵଽହ ൌ 01000011 1 6 

߳ଵଷ ൌ 00110000  ߳଺଼ ൌ 11000010 1 4 

߳ଵସ ൌ 10110000  ߳ଵଽ଺ ൌ 11000011 1 4 

߳ଵହ ൌ 01110000  ߳଺଻ ൌ 01000010 1 6 

߳ଵ଺ ൌ 11110000  ߳ଵଽହ ൌ 01000011 1 6 

߳ଵ଻ ൌ 00001000  ߳ଵ଺ ൌ 11110000 1 7 

߳ଵ଼ ൌ 10001000  ߳ଶ଴଺ ൌ 10110011 1 3 

߳ଵଽ ൌ 01001000  ߳ଵହ ൌ 01110000 1 7 

߳ଶ଴ ൌ 11001000  ߳ଶ଴ହ ൌ 00110011 1 4 

߳ଶଵ ൌ 00101000  ଼߳଴ ൌ 11110010 1 4 

߳ଶଶ ൌ 10101000  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ଶଷ ൌ 01101000  ߳଻ଽ ൌ 01110010 1 4 

߳ଶସ ൌ 11101000  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ଶହ ൌ 00011000  ߳ଵ଺ ൌ 11110000 1 7 

߳ଶ଺ ൌ 10011000  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ଶ଻ ൌ 01011000  ߳ଵହ ൌ 01110000 1 7 

߳ଶ଼ ൌ 11011000  ߳ଶ଴଻ ൌ 01110011 1 4 
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߳ଶଽ ൌ 00111000  ଼߳଴ ൌ 11110010 1 4 

߳ଷ଴ ൌ 10111000  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ଷଵ ൌ 01111000  ߳଻ଽ ൌ 01110010 1 4 

߳ଷଶ ൌ 11111000  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ଷଷ ൌ 00000100  ߳ଵସସ ൌ 11110001 1 4 

߳ଷସ ൌ 10000100  ߳ଶ଴଺ ൌ 10110011 1 3 

߳ଷହ ൌ 01000100  ߳ଵସଷ ൌ 01110001 1 4 

߳ଷ଺ ൌ 11000100  ߳ଶ଴ହ ൌ 00110011 1 4 

߳ଷ଻ ൌ 00100100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ଷ଼ ൌ 10100100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ଷଽ ൌ 01100100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ସ଴ ൌ 11100100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ସଵ ൌ 00010100  ߳ଵସସ ൌ 11110001 1 4 

߳ସଶ ൌ 10010100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ସଷ ൌ 01010100  ߳ଵସଷ ൌ 01110001 1 4 

߳ସସ ൌ 11010100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ସହ ൌ 00110100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ସ଺ ൌ 10110100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ସ଻ ൌ 01110100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ସ଼ ൌ 11110100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ସଽ ൌ 00001100  ߳ଵସସ ൌ 11110001 1 4 

߳ହ଴ ൌ 10001100  ߳ଶ଴଺ ൌ 10110011 1 3 

߳ହଵ ൌ 01001100  ߳ଵସଷ ൌ 01110001 1 4 

߳ହଶ ൌ 11001100  ߳ଶ଴ହ ൌ 00110011 1 4 

߳ହଷ ൌ 00101100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ହସ ൌ 10101100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ହହ ൌ 01101100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ହ଺ ൌ 11101100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳ହ଻ ൌ 00011100  ߳ଵସସ ൌ 11110001 1 4 

߳ହ଼ ൌ 10011100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳ହଽ ൌ 01011100  ߳ଵସଷ ൌ 01110001 1 4 

߳଺଴ ൌ 11011100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳଺ଵ ൌ 00111100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳଺ଶ ൌ 10111100  ߳ଶ଴଼ ൌ 11110011 1 4 

߳଺ଷ ൌ 01111100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳଺ସ ൌ 11111100  ߳ଶ଴଻ ൌ 01110011 1 4 

߳଺ହ ൌ 00000010  ߳଺଴ ൌ 11011100 1 5 

߳଺଺ ൌ 10000010  ߳ଶହ଴ ൌ 10011111 1 3 

߳଺଻ ൌ 01000010  ߳ହଽ ൌ 01011100 1 5 

߳଺଼ ൌ 11000010  ߳ଶସଽ ൌ 00011111 1 3 

߳଺ଽ ൌ 00100010  ߳ଵଶସ ൌ 11011110 1 3 

߳଻଴ ൌ 10100010  ߳ଶହଶ ൌ 11011111 1 2 

߳଻ଵ ൌ 01100010  ߳ଵଶଷ ൌ 01011110 1 3 
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߳଻ଶ ൌ 11100010  ߳ଶହଵ ൌ 01011111 1 3 

߳଻ଷ ൌ 00010010  ߳଺଴ ൌ 11011100 1 5 

߳଻ସ ൌ 10010010  ߳ଶହଶ ൌ 11011111 1 2 

߳଻ହ ൌ 01010010  ߳ହଽ ൌ 01011100 1 5 

߳଻଺ ൌ 11010010  ߳ଶହଵ ൌ 01011111 1 3 

߳଻଻ ൌ 00110010  ߳ଵଶସ ൌ 11011110 1 3 

߳଻଼ ൌ 10110010  ߳ଶହଶ ൌ 11011111 1 2 

߳଻ଽ ൌ 01110010  ߳ଵଶଷ ൌ 01011110 1 3 

଼߳଴ ൌ 11110010  ߳ଶହଵ ൌ 01011111 1 3 

଼߳ଵ ൌ 00001010  ߳଺ସ ൌ 11111100 1 5 

଼߳ଶ ൌ 10001010  ߳ଶହସ ൌ 10111111 1 3 

଼߳ଷ ൌ 01001010  ߳଺ଷ ൌ 01111100 1 5 

଼߳ସ ൌ 11001010  ߳ଶହଷ ൌ 00111111 1 3 

଼߳ହ ൌ 00101010  ߳ଵଶ଼ ൌ 11111110 1 3 

଼߳଺ ൌ 10101010  ߳ଶହ଺ ൌ 11111111 1 2 

଼߳଻ ൌ 01101010  ߳ଵଶ଻ ൌ 01111110 1 3 

଼଼߳ ൌ 11101010  ߳ଶହହ ൌ 01111111 1 2 

଼߳ଽ ൌ 00011010  ߳଺ସ ൌ 11111100 1 5 

߳ଽ଴ ൌ 10011010  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଽଵ ൌ 01011010  ߳଺ଷ ൌ 01111100 1 5 

߳ଽଶ ൌ 11011010  ߳ଶହହ ൌ 01111111 1 2 

߳ଽଷ ൌ 00111010  ߳ଵଶ଼ ൌ 11111110 1 3 

߳ଽସ ൌ 10111010  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଽହ ൌ 01111010  ߳ଵଶ଻ ൌ 01111110 1 3 

߳ଽ଺ ൌ 11111010  ߳ଶହହ ൌ 01111111 1 2 

߳ଽ଻ ൌ 00000110  ߳ଵଽଶ ൌ 11111101 1 2 

߳ଽ଼ ൌ 10000110  ߳ଶହସ ൌ 10111111 1 3 

߳ଽଽ ൌ 01000110  ߳ଵଽଵ ൌ 01111101 1 2 

߳ଵ଴଴ ൌ 11000110  ߳ଶହଷ ൌ 00111111 1 3 

߳ଵ଴ଵ ൌ 00100110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵ଴ଶ ൌ 10100110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵ଴ଷ ൌ 01100110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵ଴ସ ൌ 11100110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵ଴ହ ൌ 00010110  ߳ଵଽଶ ൌ 11111101 1 2 

߳ଵ଴଺ ൌ 10010110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵ଴଻ ൌ 01010110  ߳ଵଽଵ ൌ 01111101 1 2 

߳ଵ଴଼ ൌ 11010110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵ଴ଽ ൌ 00110110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଵ଴ ൌ 10110110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଵଵ ൌ 01110110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଵଶ ൌ 11110110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଵଷ ൌ 00001110  ߳ଵଽଶ ൌ 11111101 1 2 

߳ଵଵସ ൌ 10001110  ߳ଶହସ ൌ 10111111 1 3 
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߳ଵଵହ ൌ 01001110  ߳ଵଽଵ ൌ 01111101 1 2 

߳ଵଵ଺ ൌ 11001110  ߳ଶହଷ ൌ 00111111 1 3 

߳ଵଵ଻ ൌ 00101110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଵ଼ ൌ 10101110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଵଽ ൌ 01101110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଶ଴ ൌ 11101110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଶଵ ൌ 00011110  ߳ଵଽଶ ൌ 11111101 1 2 

߳ଵଶଶ ൌ 10011110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଶଷ ൌ 01011110  ߳ଵଽଵ ൌ 01111101 1 2 

߳ଵଶସ ൌ 11011110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଶହ ൌ 00111110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଶ଺ ൌ 10111110  ߳ଶହ଺ ൌ 11111111 1 2 

߳ଵଶ଻ ൌ 01111110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଶ଼ ൌ 11111110  ߳ଶହହ ൌ 01111111 1 2 

߳ଵଶଽ ൌ 00000001  ߳ଷ଺ ൌ 11000100 1 5 

߳ଵଷ଴ ൌ 10000001  ߳ଶଶ଺ ൌ 10000111 1 4 

߳ଵଷଵ ൌ 01000001  ߳ଷହ ൌ 01000100 1 5 

߳ଵଷଶ ൌ 11000001  ߳ଶଶହ ൌ 00000111 1 3 

߳ଵଷଷ ൌ 00100001  ߳ଵ଴଴ ൌ 11000110 1 4 

߳ଵଷସ ൌ 10100001  ߳ଶଶ଼ ൌ 11000111 1 4 

߳ଵଷହ ൌ 01100001  ߳ଽଽ ൌ 01000110 1 3 

߳ଵଷ଺ ൌ 11100001  ߳ଶଶ଻ ൌ 01000111 1 3 

߳ଵଷ଻ ൌ 00010001  ߳ଷ଺ ൌ 11000100 1 5 

߳ଵଷ଼ ൌ 10010001  ߳ଶଶ଼ ൌ 11000111 1 4 

߳ଵଷଽ ൌ 01010001  ߳ଷହ ൌ 01000100 1 5 

߳ଵସ଴ ൌ 11010001  ߳ଶଶ଻ ൌ 01000111 1 3 

߳ଵସଵ ൌ 00110001  ߳ଵ଴଴ ൌ 11000110 1 4 

߳ଵସଶ ൌ 10110001  ߳ଶଶ଼ ൌ 11000111 1 4 

߳ଵସଷ ൌ 01110001  ߳ଽଽ ൌ 01000110 1 3 

߳ଵସସ ൌ 11110001  ߳ଶଶ଻ ൌ 01000111 1 3 

߳ଵସହ ൌ 00001001  ߳ସ଼ ൌ 11110100 1 5 

߳ଵସ଺ ൌ 10001001  ߳ଶଷ଼ ൌ 10110111 1 3 

߳ଵସ଻ ൌ 01001001  ߳ସ଻ ൌ 01110100 1 5 

߳ଵସ଼ ൌ 11001001  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଵସଽ ൌ 00101001  ߳ଵଵଶ ൌ 11110110 1 3 

߳ଵହ଴ ൌ 10101001  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵହଵ ൌ 01101001  ߳ଵଵଵ ൌ 01110110 1 3 

߳ଵହଶ ൌ 11101001  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵହଷ ൌ 00011001  ߳ସ଼ ൌ 11110100 1 5 

߳ଵହସ ൌ 10011001  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵହହ ൌ 01011001  ߳ସ଻ ൌ 01110100 1 5 

߳ଵହ଺ ൌ 11011001  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵହ଻ ൌ 00111001  ߳ଵଵଶ ൌ 11110110 1 3 
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߳ଵହ଼ ൌ 10111001  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵହଽ ൌ 01111001  ߳ଵଵଵ ൌ 01110110 1 3 

߳ଵ଺଴ ൌ 11111001  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଺ଵ ൌ 00000101  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଵ଺ଶ ൌ 10000101  ߳ଶଷ଺ ൌ 10110111 1 3 

߳ଵ଺ଷ ൌ 01000101  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଵ଺ସ ൌ 11000101  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଵ଺ହ ൌ 00100101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଺଺ ൌ 10100101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଺଻ ൌ 01100101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଺଼ ൌ 11100101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଺ଽ ൌ 00010101  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଵ଻଴ ൌ 10010101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଻ଵ ൌ 01010101  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଵ଻ଶ ൌ 11010101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଻ଷ ൌ 00110101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଻ସ ൌ 10110101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଻ହ ൌ 01110101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଻଺ ൌ 11110101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଻଻ ൌ 00001101  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଵ଻଼ ൌ 10001101  ߳ଶଷ଺ ൌ 10110111 1 3 

߳ଵ଻ଽ ൌ 01001101  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଵ଼଴ ൌ 11001101  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଵ଼ଵ ൌ 00101101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଼ଶ ൌ 10101101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଼ଷ ൌ 01101101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଼ସ ൌ 11101101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଼ହ ൌ 00011101  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଵ଼଺ ൌ 10011101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵ଼଻ ൌ 01011101  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଵ଼଼ ൌ 11011101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵ଼ଽ ൌ 00111101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵଽ଴ ൌ 10111101  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଵଽଵ ൌ 01111101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵଽଶ ൌ 11111101  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଵଽଷ ൌ 00000011  ߳ସସ ൌ 11010100 1 5 

߳ଵଽସ ൌ 10000011  ߳ଶଷସ ൌ 10010111 1 3 

߳ଵଽହ ൌ 01000011  ߳ସଷ ൌ 01010100 1 5 

߳ଵଽ଺ ൌ 11000011  ߳ଶଷଷ ൌ 00010111 1 3 

߳ଵଽ଻ ൌ 00100011  ߳ଵ଴଼ ൌ 11010110 1 3 

߳ଵଽ଼ ൌ 10100011  ߳ଶଷ଺ ൌ 11010111 1 2 

߳ଵଽଽ ൌ 01100011  ߳ଵ଴଻ ൌ 01010110 1 3 

߳ଶ଴଴ ൌ 11100011  ߳ଶଷହ ൌ 01010111 1 3 
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߳ଶ଴ଵ ൌ 00010011  ߳ସସ ൌ 11010100 1 5 

߳ଶ଴ଶ ൌ 10010011  ߳ଶଷ଺ ൌ 11010111 1 2 

߳ଶ଴ଷ ൌ 01010011  ߳ସଷ ൌ 01010100 1 5 

߳ଶ଴ସ ൌ 11010011  ߳ଶଷହ ൌ 01010111 1 3 

߳ଶ଴ହ ൌ 00110011  ߳ଵ଴଼ ൌ 11010110 1 3 

߳ଶ଴଺ ൌ 10110011  ߳ଶଷ଺ ൌ 11010111 1 2 

߳ଶ଴଻ ൌ 01110011  ߳ଵ଴଻ ൌ 01010110 1 3 

߳ଶ଴଼ ൌ 11110011  ߳ଶଷହ ൌ 01010111 1 3 

߳ଶ଴ଽ ൌ 00001011  ߳ସ଼ ൌ 11110100 1 5 

߳ଶଵ଴ ൌ 10001011  ߳ଶଷ଼ ൌ 10110111 1 3 

߳ଶଵଵ ൌ 01001011  ߳ସ଻ ൌ 01110100 1 5 

߳ଶଵଶ ൌ 11001011  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଶଵଷ ൌ 00101011  ߳ଵଵଶ ൌ 11110110 1 3 

߳ଶଵସ ൌ 10101011  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଵହ ൌ 01101011  ߳ଵଵଵ ൌ 01110110 1 3 

߳ଶଵ଺ ൌ 11101011  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଵ଻ ൌ 00011011  ߳ସ଼ ൌ 11110100 1 5 

߳ଶଵ଼ ൌ 10011011  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଵଽ ൌ 01011011  ߳ସ଻ ൌ 01110100 1 5 

߳ଶଶ଴ ൌ 11011011  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଶଵ ൌ 00111011  ߳ଵଵଶ ൌ 11110110 1 3 

߳ଶଶଶ ൌ 10111011  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଶଷ ൌ 01111011  ߳ଵଵଵ ൌ 01110110 1 3 

߳ଶଶସ ൌ 11111011  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଶହ ൌ 00000111  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଶଶ଺ ൌ 10000111  ߳ଶଷ଼ ൌ 10110111 1 3 

߳ଶଶ଻ ൌ 01000111  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଶଶ଼ ൌ 11000111  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଶଶଽ ൌ 00100111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଷ଴ ൌ 10100111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଷଵ ൌ 01100111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଷଶ ൌ 11100111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଷଷ ൌ 00010111  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଶଷସ ൌ 10010111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଷହ ൌ 01010111  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଶଷ଺ ൌ 11010111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶଷ଻ ൌ 00110111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଷ଼ ൌ 10110111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶଷଽ ൌ 01110111  ߳ଶଷଽ ൌ 01110111 1 0 

߳ଶସ଴ ൌ 11110111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶସଵ ൌ 00001111  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଶସଶ ൌ 10001111  ߳ଶଷ଼ ൌ 10110111 1 3 

߳ଶସଷ ൌ 01001111  ߳ଵ଻ହ ൌ 01110101 1 2 
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߳ଶସସ ൌ 11001111  ߳ଶଷ଻ ൌ 00110111 1 3 

߳ଶସହ ൌ 00101111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶସ଺ ൌ 10101111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶସ଻ ൌ 01101111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶସ଼ ൌ 11101111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶସଽ ൌ 00011111  ߳ଵ଻଺ ൌ 11110101 1 2 

߳ଶହ଴ ൌ 10011111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶହଵ ൌ 01011111  ߳ଵ଻ହ ൌ 01110101 1 2 

߳ଶହଶ ൌ 11011111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶହଷ ൌ 00111111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶହସ ൌ 10111111  ߳ଶସ଴ ൌ 11110111 1 2 

߳ଶହହ ൌ 01111111  ߳ଶଷଽ ൌ 01110111 1 1 

߳ଶହ଺ ൌ 11111111  ߳ଶଷଽ ൌ 01110111 1 1 
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