Selforganizology, 2024, 11(3-4): 54-75

Article

An interactive interior point method for mathematical multi-objective
linear optimization problems based on approximate gradients

M. Tlas
Scientific Services Department, Atomic Energy Commission, P. O. Box 6091, Damascus, Syria
E-mail: pscientific31@aec.org.sy

Received 15 January 2024; Accepted 20 February 2024; Published online 10 March 2024; Published 1 December 2024
[@ev |

Abstract

An interactive interior point method for solving multiple-objective linear programming problems has been
proposed. The method uses a single-objective linear variant in order to generate, at each iterate, interior search
directions. New feasible points are found along these directions which will be later used for deriving best-
approximation to the gradient of the implicitly-known utility function at the current iterate. Using this
approximate gradient, a single feasible interior direction for the implicitly-utility function could be generated
by projecting this approximate gradient onto the null space of the feasible region. An interior step can be taken
from the current iterate to the next one along this feasible direction. During the execution of the algorithm, a
sequence of interior points will be generated. It has been proved that this sequence converges to an &—
optimal solution, where & is a predetermined error tolerance known a priori. A numerical multi-objective
example is illustrated using this algorithm.
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1 Introduction
After the seminal algorithm of (Karmarkar, 1984), for solving linear programming problems in polynomial

time O (n3'5L) arithmetic operations, where n is the number of unknown variables including slack (surplus)

variables and L is the length of the input data (total number of bits used in the description of the problem
data), a great number of the so-called interior point methods for linear programming have been proposed.
These methods can be classified in two main categories: The first category is the extensions and variants of
Karmarkar’s algorithm which can be divided also into two subgroups:
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1. The projective algorithms (Karmarkar, 1984; de Ghellinck and Vial, 1986, 1987; Anstreicher,
1986; Darvay, 2003; Naseri and Malek , 2004 ;Yu and Sun, 2009; Wang and Luo, 2015 and Todd
and Burell, 1986).
2. The “affine” methods (Barnes, 1986; Gay, 1987; Gill et al, 1986 and Vanderbei et al, 1986).
The second category is the path following approaches as: (Gonzaga, 1989 and Renegar, 1988).

The methods in the second group are polynomially bounded and require O (n°'5L) iterations. The overall
complexity is O(nsL). The projective methods in the first group are also polynomially bounded. They

require O (nL ) iterations and O (n*°L ) operations.

Following these proposals, it is useful to generalize these ideas of interior point technique to the domain of
multi-objective programming. Therefore, two algorithms are proposed for solving single and multiple-
objective linear programming problems based on projecting of gradients onto the null space of the feasible
region of problem.

The first algorithm developed in this paper is an interior point method for solving single objective linear
programming problems. The main idea focuses on a projection operation onto the null space of the feasible

region which computes a feasible direction (line search) in each iteration in at most O(nmz)arithmetic
operations, where m is the number of constraints (M < n ). It is proven that the number of iterations required

for the algorithm to converge to a good solution is bounded and estimated to be no more than O (nL)

iterations and O (n°m 2L ) arithmetic operations.

The second algorithm proposed is an interior point method for interactive multi-objective linear
programming problems. The method uses a single-objective linear variant in order to generate, at each iterate,
interior search directions. New feasible points are found along these directions which will be later used for
deriving best-approximation to the gradient of the implicitly-known utility function at the current iterate. Using
this approximate gradient, a single feasible interior direction for the implicitly-utility function could be
generated by projecting this approximate gradient onto the null space of the feasible region. It can be taken an
interior step from the current iterate to the next one along this feasible direction. During the execution of the
algorithm, a sequence of interior points will be generated. It has been proved that this sequence converges to
an & — optimal solution, where & is a predetermined error tolerance known a priori.

The multi-objective linear programming problem is ambiguous since usually the objective functions are
conflicting and pursuing the optimum, with respect to each objective, leads to different solutions. This
ambiguity may be solved by introducing a utility function (or preference function) defined over the space of
objectives. It is supposed that the decision-maker is capable to present his global preferences through this
function. This function is not necessarily being explicitly known but it is supposed to satisfy certain conditions
as being continuously differentiable, concave and strictly increasing on the objective space in order to ensure
the global convergence and to reach a global optimum. If the utility function is explicitly available, then it is
easy to find the approximate gradient through the values of the utility function and the values of the objective
functions at the current iterate. In the contrary case, when the utility function is implicitly known the
approximate gradient can be found through the values of the objective functions and the analytic hierarchy
process (AHP ) technique at the current iterate. For more details about the AHP technique, the reader is
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invited to consult the references (Saaty, 1988; Arbel, 1994; Arbel and Oren, 1996; Zhang, 2019).

2 Statement of the Linear Programming Problem (LP)
Consider the linear programming problem given in standard form through

maximize c¢'x
subjectto Ax =b
x>0

1)
where ¢,Xx eR",beR™ and Ais m xn matrix, nis the number of unknown (decision) variables
including slack variables and m is the number of linear constraints so that m <n .

Assuming that the feasible set: X ={X eR"/Ax =band x 20} is compact and convex in the

nonnegative orthant of R" .
It is easy to transform the canonical feasibility problem (1) into the following equivalent affine feasibility
problem:

maximize C'y
subjectto d'y =1

)

where y € R™ is the new unknown variables, ¢' =(0,C,,....c,) € R"™, Alis an m x(n +1) matrix

defined as: &,=-Db (i =L..,m), & =a; (i=1..,m,j=1..,n), and d' eR""defined as:

j

_Jlfor j=0
10 for j=1,...n

All the constraints in (2) are linear, i.e., homogenous, except the first one d ' y =1which is affine and can

be interpreted as a normalization constraint.

The feasible set of (2): Y = {y eR"™/Ay =0,d"y =land y > 0} is also compact and convex in the

nonnegative orthant of R"*.
R -1
Let Y “be the diagonal matrix Y * =diag (y X ) Using the linear transformation z :(Y k) y ., we

obtain a transformed problem:
maximize €'Y “z
subjectto d'Y ¥z =1
AY *z =0
z>0

@)
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where z € R"™ and the feasible set of (3): Z ={z eR"™/AY ¥z =0,d"Y ¥z =1and z 20} is also

compact and convex in the nonnegative orthant of R"**.
The following algorithm is designed to work in the relative interior of the feasible set X of (1). It is

capable of solving problem (2), where in each iteration,k >0, problem (3) is solved on a sphere centered at
the point " = (1,...,1) € R""and inscribed in the feasible set Z of problem (3).
2.1 Algorithm for solving LP problem

.
Step 1. Initialization. Let & >0 be a tolerance level. Let (XO) = (Xloxr?) elnt(X).

Let (yo)T :(l,xlo,...,xr?), e' =(L,....,1) eR"" and k =0 the iteration counter.

dT
Step 2. Change. LetY * =diag (y*), B*=| . ¥ *
o)t -[0

Step 3. Projection. Find pk e R"" and u® € R™" which solve the linear system of equations
p* +(B¥) uk =y *¢
B“p“=0
“p "
where pk is the projection of Y ¥€ onto the null space of B * and u* is the dual variable.
Step 4. Termination test. If Hpk H< & then stop, the point y “is an optimal solution of problem (2) and

consequently the point given by X;-( =y f (j =1,...,n) is an optimal solution of problem (1).

Step 5. Normalization. Define Q" =

Step 6. Line search step. Find o which satisfies the following inequalities:

a* >0
e+a“q* >0
a (@)

Tk _ % \ 7]
eq 2+3(1_0[k)<0

2

A possible choice for @ which enforces these conditions is & (0, 0.6].

Step 7. New iterate. Let
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7 k +1 —e +0(kq k
y k+1 =Y kZ k +1
set kK =k +1 (increment the iteration counter) and return to step 2.

Remark. p, is the set of so-called normal equations whose solution pk is unique and is the projection of the

vector Y “¢ onto the null space of the matrix B* . This problem is purely linear and can be solved in

O (nm?) arithmetic operations.

Lemma 0. When Hpkuk—%m ,thene’ p“ <0 (vk >0).

1 n
Proof. Taking into consideration the Holder inequality Hpkuz 1 Z‘pik‘ and the condition
n+1i
H p* Hk—_m>0 , it can be concluded that:
n
2P 0. @)
=0
From step 3 of the previous algorithm, we can write the following:
3 k : k c k+1 3 k+1
Zpi :ZCiYi and Zpi : :Zciyi i
i=0 i=0 i=0 i=0
From step 7, we can find that: y ™ -y =a*y*q (i =0,..,n).
nk+lnk_n~ k+1 k_kn~kk kk>0h
Sozpl _zpl _ZC|(yi _yl)_a zc|y|q| a Hp H— , then
i=0 i=0 i=0 i=0
n
2tz ypf (k=01.) (b)

n

From (a) and (b), it can be concluded that Zpi" <0 (vk =0,1,...), and the proof of the lemma is

=0

completed.
2.2 Complexity calculation
First, we propose some propositions needed for calculation the complexity of the algorithm.

Definition. If A is nxn nonsingular matrix, b e R" and T, :R" — R" so that T, (X) =Ax +b, then

T, is called an affine transformation. Affine transformations have several important priorities. One of them is
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the affine transformations preserve set inclusion if:

T,W)={ceR":£=Ax +b,x eW }

Proposition 1. IfW cW 'c R", then T, W )<T,@W )< R". So volumes are changed by a constant
factor and the relative volumes are preserved.

Proposition 2. If W < R" is full dimensional and convex, then vol (T, W )) = |detA|><vo| Ww).
Considering the propositions 1 and 2, it can be concluded that for any ellipsoid there is an affine
transformation which gives a sphere centered at the point €' = (1,1,...,1) when it is mapping on the given
ellipsoid.

Suppose that E “isan ellipsoid centered at y “in the iteration number k and E **is an ellipsoid centered

at y “*'in the iteration numberk +1.

1

n n+l 1 n

The inequalities: (ijj S—lzvj and v >0(j =0,...,n), express the relation between
o n+15-
j=0 j=0

the geometric mean and the arithmetic mean on the non negative orthant of R"**.
In view of the previous inequality it followed that:

[ﬁ(uakq;)j””gii(mkq;):u A

j:O n+1J:0 n+11:0

n n
As Z; pf <0, then Z(;q;‘ < 0. The last inequality becomes:
i= j=

j=0

1
Tara'qt)| <102 gk <1
+aq; <1+ ;<
H( qJ ) n +1jZOqJ
By applying the proposition 2, it can be concluded that:
1

n

k
K Hyj K
VC:I((BBMB) = ‘:Ol VC;I((EEMB) , where B*and B*™ are spheres centered at " =(L1,...,1) with
VO VO

ok
+1
[1v;
=0

k +1

<HrkH) then vol(BY) _ jzoyj vol (E°) 0

- ’ vol (B**™) 11[ « VOl (E*™)
Yi

radius 1~ :aquand rk+1=ak+1qk+l (Hrk+1

j=0
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k+1
voI(E“l)_l—gy voI(B“l) n
Vol (E) ~ pry e vol(BY)
J

j=0

(1+a q; )

k +1

It follows that vol (E *™) <vol (E*), then vol (E ¥ )———0.

Using the development of Taylor for the function log(1+ A) around A =0 with |ﬂ| <1, it can be seen that:

Iog(1+/1)=/1—%2+§(ﬂ),where £(2) i i 1)”1

=3

()& ; A
so )= 3P EV 5 e S
i3 ] =3 =3
Since j >3, then lﬁl It follows that: |§(/1)|£Zw:|/1|j = |1|3 :
j 3 =3 3(1-]4))

2,
So log(l+ A1) < /1—7+ 3(1_|1|) :

Kk ko K kK (ak)z k)2 ‘aqug
Let 2 =a"q] then log(l+a"qj) <a*qf —— = (af) +3(1_‘aqu )
< K~ k k : k ak )2 . k 2 ‘akq:(‘s
It follows that jZ_;‘Iog(lJroz qf)<a JZ_;Q; -~ JZ_;(OIJ) +J_03(1_‘akq”)

As: Zn:(q;‘ )2 =1, Zn:‘akqﬂs SHaquHB, and ‘akq}“éuaquu (j =0,...,n), then the last inequality
i -0

2 3
becomes: ZIog(1+ a“q) <a* Zn:q;‘ - (ak) n “akq" H

: RIS

Hence ilog(l+ aqf) <o Zq ( ) (ak )3
j=0 J : 3(1 at

< 0, then it can be written that:

n
a
The value of & should be chosen so that E q;( -——+ .
= 2 3(1-a%)

n n B
Zlog(l+akqjk)£—§,,8>0. so [J+a*qf)<e ", >0.
=0 =0
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n
From this relation and since vol (E ***) <vol (E*) x H(1+ a“q| ) , it follows that
=0

v e _gkn
vol (E¥*") <vol (E¥)xe " <..<vol (E°)xe = "  thatgivesvol (E¥")<V 'xe = .

d

Choosing € =e ", where d is a positive number and L is the length of the input data (total number of bits

used in the description of the problem data), then vol (E*™)<e& after K iterations, where

K

a1
\‘—1+%Iog (\/_goj ‘ +1=0(nL), and [ u | denotes the integer part of U >0.

From step 3 of the algorithm, the problem P, is a set of the so-called normal equations which has a unique
solution. It is known that this problem is purely linear and can be solved in O (nm 2) arithmetic operations.
The proposed algorithm stops in no more than O (nL) iterations, then it can be seen that the complexity of the

algorithm is O (n ’m 2L) . Consequently, the solution of the problem LP is reached in polynomial time.
2.3 Convergence analysis

From the proposed algorithm, we have y ¥ €Y so that pk = 0. Suppose that there is another point y TeY
so that €'y~ >C"y* . This implies ¢' (y "=y *) >0 which means that the vector d =y —y"is an
improvement direction. Since y " =y* +a*Y *q* €Y , then let w =y * + ad "where O<a <1. If

d” Y *g* (matrix A is full rank), then Ad =AY *q* =0, this implies Ad " % O which means the point
W is not feasible.

For ¢ =1,we get Yy =W and that conflicts with the fact that Y~ is a feasible point. Then it must be
d” =Y “g* which means clearly y **' =w .

For o =1, we have Y K= y ¥ =w and this means that y ¥ is an accumulation pointinY , the condition
of optimality of Karush-Kuhn-Tuker (KKT) in accumulation point y ¥ are given as follows:

Ju“ eR™ 1eRMM:
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To demonstrate the verification of these conditions, from step 3 of the algorithm, we can write the following

equation (at p* =0):

ary
Y Y6 -Y k[/i ) u=0

As the proposed algorithm creates a sequence of points {yk}ki contained in Y set with

yf >0(j =0,...,n)and k >0, then it can be concluded that:

T
R
c—| . |u =0
A
As a result of taking4; =0(j =0,...,n), the conditions of optimality of KKT in point y “are satisfied.

Sequence {y k }k o, CONverges to a solution that satisfies the conditions of optimality of KKT of problem (2).

Consequently, this succession creates a sequence of points {X k }k701 contained in X and converges to an

optimal solution of problem (1).

3 Statement of the Multi-Objective Linear Programming Problem (MOLP)
A multi-objective linear programming (MOLP) problem is generally described through the standard

formulation:
maximize v, =c; X

maximize v, =c}X

maximize v._=c'

r r

subjectto Ax =b
x>0

X

(4)
where C;,..,C,,X € R" b eR™ and A is m xn matrix, n is the number of unknown or decision variables
including slack variables, m is the number of linear constraints such that (m <n), and r is the number of

objective functions. Assuming that the feasible set: X ={x eR"/Ax =band x 20} is compact and

convex in the nonnegative orthant of R" .
In multi-objective programming, it is supposed that, the decision-maker has to be capable of presenting his

global preferences through a utility function U (v)=U (v,,...,v, ). This function is not necessarily being

explicitly known but it is supposed to satisfy certain conditions (continuously differentiable, concave, and
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strictly increasing in V on the objective space V (X ) which is the image of the feasible set X (decision

space) by the objective functions v, (i =1,...,r), its derivative satisfies the Lipschitz’s condition in V on

V(X))
Lemma 1. If the utility function U (v) =U (v,,...,v,) is concave and strictly increasing in V on the objective

spaceV (X ), then the function @(X)=U (,(X),...,v, (X)) is concave in x on the decision space X .

Consider the following relation:

T
¥

R™ SV (X)

— X CR
[ /F»‘
R

where @ =UoV and the gradient of the utility function with respect of X is given as follows:

Vo)=Y =Wy

Vi (x).

J

U .
Since U (v)=U (v,,...,v,) is strictly increasing in vV on V (X ), then 6(?/—>O(j =1..,r). The
i

functions v, (x) (i =1,...,r)are concave (linear) on X . Therefore:

VX, X eX v (XT) <V (X)+ Vv ()X =x) (j =1,...,r), then:

— oU x ~oU _; «
DG () v () <DV ()X =x)
~ av j ] J = av j J
Using the last inequality, it can be found that:

VI(/)(x)(x*—x){iagv(”vaj(x)](x*—x)ziagv(v)(v,-(x*)—v,-(x»

i=1 i i=1 i

=VU (v () (x) -V (x))
As the function U is concave onV (X ), then:
V()X =x) 2 V,U @ (X)) (x ) -v (x)) 2U (v (x ) -U (v (x)) = o(x )~ p(x)

Sothat (X ) —@(X) < V. @(X)(X —X), which signifies that the function ¢(x ) is concave on X .
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Lemma 2. If the derivative of the utility function U (v) =U (v,,...,v ) is strictly increasing and satisfies the

Lipschitz’s condition on the objective space V (X ), then the derivative of the function

o(x)=U (,(x),...,v, (x)) satisfies the Lipschitz’s condition on the decision space X .

It is easy to see that:

aU(V) VV. (XZ)_iaU(V)VV_(Xl)

V,0(x*) =V, 0(x")| =2 2 2

]

S 6 )

The derivatives of the functions v, (j =1,...,r)satisfy the Lipschitz’s condition on X because they are

linear, it can be seen that, there is L > 0 such that:

‘vaj(xz)—vxvj (xl)‘s LHX2 —XlH.

ou .
The function U (v)=U (v,,...,v,)is strictly increasingav—>0(j =1,..,r), then it can be found
i

Zf:au (V)(VXV,(X )=V (xh) <|_28U (V)HX

leSL'sz—le . So
i OV

‘ngo(xz)—ngo(Xl)‘ <L 'HX2 —Xlu, then the derivative of the function ¢(X ) satisfies the condition of
Lipschitz on the decision space X .

Lemma 3. If the derivative of any function ¢(x)satisfies the following Lipschitz’s condition

/ ’ ’ 1
[#'0) = ¢ )<L [x =y, then g(x) =gy ) <(#'(x)x =y )+~ Lk -y [
The following inequality is always true in the Euclidean space:

<X Y > < ||X ||||y || (Cauchy-Bunyakovskii inequality) and

o(X)—o(y) = Jl‘<¢'(y +7(x—-Yy)), (X -y )>d 7 ( Cauchy-Bunyakovskii equality)
=(¢'(x),x —Y>+I<¢'(y +7(x =y ))—¢'(x).(x —y))dz

<(#0).x =y )+ [y +r(x =y ) =g'0)x -y |d=
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= (' 0).x =y )+x =y | [[#'(y +z(x =y ) =g/ ()|d

<(F'(x),x =y )+L|x —y||j||y +7(x —y)-x|dz
=(#'(x),x -y )+L|x —y||2j(1—r)dr

e -y)eheyl | S5 -

1

p(X)—o(y) < <¢’(X ), X —y >+ % L ||X -y ||2 . The proof of the lemma is completed.

3.1 Approximate gradient

The multi-objective linear programming (MOLP) problem (4) is ambiguous since the objective are conflicting
and pursuing the optimum with respect to each objective leads to different solutions. This ambiguity may be

solved by introducing a utility function U (v)=U (v,,...,v, ), defined over the space of objectives V (X )

and presented by the decision-maker. This function has to satisfy certain conditions as being continuously
differentiable, concave and strictly increasing on the objective space and its derivative satisfies the Lipschitz’s
condition in order to ensure the global convergence and to reach a global optimum.

IfUV)=U(W,,..Vv,)is explicitly available, then we have to find a way to approximate the gradient of

the utility function based on the values of the utility function at the current iterate.
The gradient of the utility function in the decision space X is given as follows:

V. o0) =Ygy )4+ Y Vgy )
1 r
oU (v) ou (v)
V. p(X) = C, +...+ c
) v, o,
ct
wherec, =|  |(i =1,...,1)
Cn

in matrix form, the gradient can be written as

IAEES WWW.iaees.org



66 Selforganizology, 2024, 11(3-4): 54-75

oU (v)
Ci...Cy ov,
V,p(X)=| ' =CxV,U ()
c/..c! )| U ()
ov

r

where C =(c,...c, ), V,U (V):[fil;v(v) ,....,8LaJV(V)J _and vx(p:(a(gix) """ag)f)()j _

n

Therefore, to find the approximate gradient V, ¢(X ) in the decision space we have to evaluate the gradient of

the utility function V,U (V) in the objective space. Since the objective matrix C is n x r matrix, considering

each of the r objective functions by themselves, results in stepping from the current iterate, x° along a

specific step direction to r end points X' (i =1,...,r) with their respective values for the r objective

functions. The change in the utility function in decision space @(x ) in stepping from the current iterate X % to

the set of I new iterates can be approximated through a first order Taylor’s expansion as follows:

P(x1) = p(x") + Vip(x)x (x* —x°) P(x") =(x°)+ VU (/)xC" x(x*~x°)
or

p(x")=(xX°)+VIp(x)x(x"=x°) P(x") = p(x°)+VIU @ )xCT x(x" —x°)
These equations can be rewritten as:
p(x)=p(x°)+V;U ()x(CTx*-C"x°)

p(x")=p(x°)+VIU ()x(C"'x"-C"x°)

In matrix form, we can write
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¢, x'—c/ x°
Pp(x)—p(x*)=V;U ) x|

¢, x'—cix°

¢, x" —c; x
p(x")—p(x")=V,U ()x|
clx"—clx°
Or
¢, x'—c/x%..clx —clx°
Ap = xV,U ()
c,x"—c x°..c/x"—clx°

Ap=AV xV,U ()

, i=1..r
AV, =cix' —cix”° [ ~ j
] =1..,r

V,U{)=(AV ) xAp

V,p(x)=C xV,U ()

V,p(x)=C x(AV ) xAg

From this relation, it can be concluded that, the Taylor’s series approximation for the gradient of the utility

function ¢@(x)in the decision space involves the value of the utility function at the initial point X % and the

value at the r new iterates.
In the absence of an explicit utility function, these values are unavailable and have to be approximated. One

way of assessing relative preferences for the (r +1) value vectors is through the analytic hierarchy process

(AHP) (Saaty, 1988; Arbel, 1994; Arbel and Oren, 1996; Zhang, 2019).
To obtain an approximate measure for the utility function at the points of interest we proceed as follows.

While the value of the utility function at the (r +1) points {X O,Xl,...,x r}is unknown, we can still evaluate

the complete r — dimensional vector of objective functions value, v, (X) =c¢/ X (i =1,...,r)at each of these
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points. We now present this information in objective space to the decision maker and seek to obtain relative
preference for these points. This is accomplished by using the AHP and involves filling a comparison matrix
whose principal eigenvector provides the priority vector showing the relative preference for these points. The

priority vector pr e R"" provides now an approximate measure of the vector A given through

A ~Apr =(pr,— pr,,..., pr, — pr,)
Where pr, (i =0,...,r)is the priority of the i —th iterate as derived by using the AHP technique. The
gradient of the utility function with respect to x, V,@(X)is evaluated through

V,p(x)=C x(AV ) xAg.
3.2 Summary of the analytic hierarchy process (AHP)

The application of AHP technique is for r —dimensional vector V; (X) =CiTX (i =1..., r)value obtained at

each of the (r +1) points{x O x!...Xx "}, at the current iterate.

e Create (r+1)x(r +1) comparison matrix for r +1 requirements with the aide of the decision
maker to provide relative preferences

(Requirements here are the r - dimensional vector V, (X) =CiT X (i =1..., r) value obtained

at each of the points{x O xt...X "}, at the current iterate)

The creation of the matrix is as follows:
For element (x , y) in the comparison matrix enter:
> 1- if x and y are of equal value (equal importance)
> 3- if x is slightly more preferred than y (weak importance of one over the other)
> 5- if x is strongly more preferred than y (strong importance)
> 7- if x is very strongly more preferred than y (demonstrated importance over the other)
> 9- if x is extremely more preferred than y (absolute importance)
> 2,4,6,8- intermediate values between
— and for (y, X) enter the reciprocal.
e Estimate the eigenvalues (eigenvector) as follows:
E.g. “averaging over normalized columns”
> Calculate the sum of each column
> Divide each element in the matrix by the sum of its column
> Calculate the sum of each row
> Divide each row sum by the number of rows

This gives a value of relative priority for each requirement (priority vector pr e R™™).
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Remark. Notice that, if the utility function is available, we can use, at the current iterate, the normalized utility
function values at the points {x 0 , X 1, ¢ r}as components of the priority vector pr .
3.3 Algorithm for solving MOLP problem

.
Step 1. initialization. Let & >0 be a tolerance level. Let (X 0) = (xl xr?) elnt(X)

Let L >0 (Lipschitz’s constant), (yo)T :(1,x1°,...,x°), e'=(,....0) eR"™ and

k =0 (iteration counter)

dT
Step 2. Change. Let Y * =diag (yk), B* :( 3 j\/ X

Step 3. Projection. For i =1,...,r, find p, eR"™™ and u, e R™™ which solve the linear system of

equations
.
p, +(B¥) u, =Y “¢
B p; =0
where p, is the projection of Y “C; onto the null space of B and u, is the dual variable.

Step 4. Normalization. For i =1,...,r ,define q, = Hpi H
P;

Step 5. Line search step. For i =1,...,r, find ¢; which satisfies the following inequalities:

a, >0
e+o,q; >0
2
a; a;
e'g, ———+—"=1—<0
YT 30

A possible choice for ¢; (i =1,...,r) which enforces these conditions is ¢; e(O, 0.6].

Step 6. New iterate. For i =1,...,r, find

Z; =€+ o
yl :Y kZi
XI :yi

And consequently find

IAEES WWW.iaees.org



70 Selforganizology, 2024, 11(3-4): 54-75

Ci...C, /X, —¢f x“...cTx, —cl x*
k
Xo =X ,C:(cl.. cr): . AV = ,
c..C c/ X, —C; x“...clx, —¢cIx*

8p=(9(x) = p(x ), p(x,) = 0(x*)) 0r Ag = (P, ~ Plys.ce, PT, — 1, )

V,p(x*)=C x(AV ) 'xAgp and

0
vyco(yk){V (p(Xk)j

Step7. Projection. Find p* € R"™ and u® € R™* which solve the linear system of equations

:
p*+(B*) u* =Y "V, p(y")
kak —

Step 8. Termination test. If H p : H < & then stop, the point X “isan optimal solution of problem (4)

Step 9. Updating. Choose an arbitrary o < (0 1] and let

k

kP

yk+l:Y k e+a L+HpkH

Set k =k +1 (increment the iteration counter)and return to step 2.
Lemma 4. If the derivative of the utility function ¢ satisfies the Lipschitz’s condition on the decision space,

then Hpk Hk—_)w)o
Applying the lemma 3, the following could be written

oy )=p(y M <(Viply*)y" —yk”>+%LHyk —y [

; Ypt 1 RS,
oy )= p(y * l)s—akVTyMYk)WJFEL(ak) W

Ty 0T

p(y ) -y ) <
N A
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Sl 2 ()

Since 0<y <1(i =0,...,n)then ”Y X pkHZ SHp"HZ and

oy “ ) -oy“)za"

S P |

Hpkuz 1L(05k 2—”{ kpkHZ > 1—305 — T T | k
20 L] )" L]

p(y -y )za* "2 >
L R (Y]

then
1 [P
k +1 k k k
oy ") -oly )2(1—50! ja W

Choosing 0 < a* <1 and the function @ is upper bounded and monotonically, then

k+1 k +1

k—)O , this
—o

oy ™) —p(y *)——=>0 and consequently Hpkuk—_mm, thenHyk—y

means that the point y “ and consequently X;( = yf (J =1,...,n)is an optimal solution in the decision

space X .
3.4 Convergence analysis

The proposed algorithm produces a feasible point y ¥ 50 that pk =0. Suppose now that there is another
feasible point y “so that @(y ) >¢(y ). As the function ¢ is concave, so it can be concluded that

VTy o(y )y =y *) > 0which implies that the vector d "=y " —y* is an improvement direction. Besides,

k ~k k Ak
y =y 1o —pk is feasible. Letw =y * +ad” ; O0<a <1. Now if d*;t—pk(matrix
L+ L+[p"]
- ~ ~ Y kpk -
A is full rank), then Ad ;tAm:O. It follows that Ad = 0. So the point W~ is not feasible for
+(P

any O<a <1.
For o =1,it follows that y = =w . This conflicts with the fact that y ~ is a feasible point. Then it must be

k 4k

d*: p
L+ e']

which means clearly that y Kow

For a =1,it can be seen that y K= y “ =w "and this means that y ¥ is an accumulation point, the

condition of optimality of Karush-Kuhn-Tuker (KKT) in accumulation point y ¥ are given as follows:

IAEES WWW.iaees.org



72 Selforganizology, 2024, 11(3-4): 54-75

Ju“ eR™ 1eRMM:

k dT ' k
vV, o(y )_(A J u“—-14=0
ﬂ,,yik =0 (i =0,..n)
To demonstrate the verification of these conditions, from step 3 of the algorithm, we can write the following
equation (at p* =0):

k k deTk
Y 'V, o(y")-Y i u“=0

As the proposed algorithm creates a sequence of feasible points {y K }1«01 with yf >0(j =0,..,n)and

dTy
\Y Y. | uk=0
yo(Y ") (A)

As a result of taking4; =0(j =0,...,n), the conditions of optimality of KKT in point y “are satisfied.

k >0, then it can be concluded that:

Sequence {y k }1«01 converges to a solution that satisfies the conditions of optimality of KKT of problem.

Consequently, this succession creates a sequence of points {X k }kal converges to an optimal solution of

problem in the decision space X .

4 Conclusions

An algorithm for solving multi-objective linear programming problems has been proposed in this paper. The
method uses a single-objective linear variant in order to generate, at each iterate, interior search directions.
New feasible points are found along these directions which will be later used for deriving best-approximation
to the gradient of the implicitly-known utility function at the current iterate. Using this approximate gradient, a
single feasible interior direction for the implicitly-utility function could be generated by projecting this
approximate gradient onto the null space of the feasible region. It can be taken an interior step from the current
iterate to the next one along this feasible direction. During the execution of the algorithm, a sequence of
interior points will be generated. It has been proved that this sequence converges to an & — optimal solution,
where & is a predetermined error tolerance known a priori. For assuring the global convergence of the
algorithm and to reach a global optimum, it is supposed that the utility function has to satisfy certain
conditions as being continuously differentiable, concave and strictly increasing on the objective space and his
derivative satisfies the Lipschitz’s condition. A simple formula is derived to approximate the gradient of the
utility function based on the objective values and also on the utility function values, when it is known
explicitly. In the absence of an explicit utility function, these values are unavailable and have to be

approximated. The best way of approximating is through the using of the analytic hierarchy process (AHP)

technique. Further deeply research in this new area of multi-objective programming is needed and should be
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concentrated on the ways of developing interactive methods for solving multi-objective nonlinear
programming problems.

5 llustrative Example

The demonstration of the proposed algorithm will be done through the following numerical example (Table 1,
Fig.1). Consider the following MOLP problem:

maxv, =¢; X =X,
maxv,=C;X = X,
Subject to
X, +5X, <41
2X, +3x, <33
4x, +x,<41
X, —2X,<8
X, +X,2>2
—4x,+x,<4
X, X, 20
Adding the necessary slack and surplus variables, it can be found that:

¢, =(10000000)' ,c, =(01000000) , b =

T

41334182 4)

—

1 51000 0O
2 30100 0 O
A 4 10010 0O
1 -2 0001 0 O
1 1 0000-10
-4 1 0000 01

For this example, an initial point is available through x° :(2 134 26 3281 11)T . Assuming that the

decision maker’s utility function is given through U (v)=(v,+4)(v,+1). This vector optimization
problem has an optimal solution given through

X" =(7 6.3) andv; =7,v; =63 U (,v;)=80.6.
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Table 1 Solution results (current iterate).

k ) k U
Xl X 2 Xl X 2
0 2 1 12 11 6.924 6.138 77.971
1 1.948 1.317 13.784 12 7.517 5.801 78.324
2 2.310 1.505 15.808 13 6.906 6.230 78.853
3 2.6 1.97 19.601 14 7.487 5.873 78.945
4 3.187 2.534 25.4 15 6.940 6.250 79.314
5 3.942 3.364 34.657 16 6.964 6.259 79.591
6 4.968 4.266 47.221 17 6.981 6.265 79.775
7 6.007 5.021 60.249 18 6.992 6.269 79.906
8 6.708 5.500 69.596 19 7.001 6.272 80.003
9 6.957 5.809 74.608 20 7.008 6.275 80.078
10 7.247 5.836 76.885
90 -
80 -
70 -
60 -
.. 501
3
40 1
30 4
20 -
10
0 ‘
0 5 10 15 20 25

Iterations

Fig. 1 Utility values at current iterate.
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